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ABSTRACT 
Reinforced concrete is by far one of the most commonly used 
construction materials. This composite material demonstrates a highly 
nonlinear behavior caused by cracking, crushing, aggregate interlock, 
bond slip, dowel action, shrinkage, creep, etc. Because the behavior of 
reinforced concrete can involve so many nonlinear phenomena 
interacting with one another, the formulation of rational analytical 
procedures to describe this behavior is very difficult. Today with the 
help of the computer, the finite element method offers a powerful tool 
for studying reinforced concrete structures. However, the success of 
such analyses depends on thorough understanding and modelling of 
the composite material behavior. 
In this study, an elastic strain hardening plastic model, which 
includes yield functions, isotropic hardening rule, associated and 
nonassociated flow rules and equivalent uniaxial stress-strain curve, 
IS deri ved for plain concrete. The stress-strain behavior for 
reinforcement is modeled as an idealized bilinear curve. Dowel action 
of steel is neglected and perfect bond is assumed between concrete 
and steel. For cracked reinforced concrete, the smeared crack 
approach is adopted. Two types of crack models which are the fixed 
crack model and the rotating crack model are formulated and various 
options such as tension stiffening, stress degrading effect parallel to 
crack direction and shear retention have been included in them. 
Finally a layering concept to simulate reinforced concrete section is 
adopted and through this approach the proposed material models for 
111 
plain concrete, for steel and for cracked reinforced concrete can be 
further extended to model the flexural behavior of reinforced concrete 
structures. 
The proposed reinforced concrete material models have been 
tested against the experimental results and it is demonstrated that 
they are suitable to model the behavior of plain concrete and cracked 
reinforced concrete. Through the layering approach, they are adequate 
in modelling the extensional as well as the flexural behavior of 
reinforced concrete structures. 
IV 
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1.1 General 
1 
CHAPTER 1 
INTRODUCTION 
Reinforced concrete is by far one of the most commonly used 
construction materials with applications in many important categories 
of structures such as tall buildings, bridges, offshore oil platforms, 
cooling towers, containment structures for nuclear power plants, etc. 
This composite material demonstrates a highly nonlinear behavior 
caused by such phenomena as cracking, crushing, aggregate interlock, 
bond slip, dowel action, shrinkage, creep, and yielding of 
reinforcement. Because the behavior of reinforced concrete can 
involve so many nonlinear phenomena interacting with one another, 
the formulation of rational analytical procedures to describe this 
behavior is very difficult. 
The present day design methods continue in many respects to 
be based on an empirical approach, using the results of large amounts 
of experimental data. This is fine so long as the cases under 
consideration lie within the bounds of that experimental data. Reliance 
on such an approach has been necessary in the past, and to some 
extent is still necessary. However, with the help of the computer, the 
finite element method. now offers a powerful and general analytical 
tool for studying reinforced concrete members and structure systems. 
Concrete plasticity, cracking, tension stiffening, nonlinear multiaxial 
material properties, elasto-plastic behavior of steel and other effects 
previously ignored or treated in an empirical way can now be 
2 
considered rationally. Furthermore, it is possible to carry . out 
numerical calculations to simulate the structural response of some 
structures up to collapse and to closely predict the ultimate load and 
failure mechanism for these structures, so that the safety aspects of 
the structure can be assured and its deformation characteristics can 
be found. Thus, the analysis of reinforced concrete structures using 
the finite element approach should enable the response of various 
structures particularly those that may lie outside the domain of 
existing experimental data to be more distinctly defined and internal 
structural action to be more readily understood. 
1.2 Objects and Scope 
Many important classes of structures can be approximated as 
being in a state of plane stress, such as panels, beams, slabs and thin 
shells. In this study, the aim is toward the nonlinear analysis of plane 
stress state reinforced concrete subjected to short term monotonic 
loading. 
The maIn objectives and scope of this investigation are now 
summarized below. 
1 . Base on the theory of plasticity, develop an appropriate 
constitutive equation for plain concrete. The failure criterion 
and the hardening stress-strain curve will be selected. The 
normality law and the flow rules will also be examined. 
2. Investigate some of the different methods of modeling 
cracking and for evaluating the cracked concrete stiffness 
3 
then examine the effectiveness and shortcomings of these 
various procedures. 
3. Investigate the postcracking behavior of reinforced 
concrete. Particular attention is given to the possible 
rotation of cracks, the tension stiffening phenomena, the 
influence of shear friction as manifested in the shear 
retention factor and the degrading effect cracking has on 
the compressive strength of concrete parallel to the crack 
direction. 
4. Introduction of a layering approach to model reinforced 
concrete cross sections so that the flexural behavior and the 
combined inplane-flexural behavior for reinforced concrete 
members can be properly simulated. 
5 . Use the material model developed above to run numerical 
analyses which are then compared with the results from 
experimental work done by other researchers. 
1.3 Computer Program "FINITE" 
To carry out the numerical simulations, all the computer codes 
for reinforced concrete material models will be implemented into 
FINITE, a general purpose finite element program system for the 
analysis of linear and nonlinear structures developed at the 
University of Illinois at Urbana-Champaign (Lopez, L. A., 1977). It 
supports both symmetric and non symmetric elements. The 
increnlental iterative !"~ewton-Raphson scheme is employed to solve 
the equilibrium equations. FINITE was developed in a modular mode 
4 
so that new material models can be installed In the library easily. This 
program enables the investigator to evaluate the assets and 
deficiencies of various material models for a variety conditions 
without spending an undue amount of effort just in the mechanics of 
pro gramming. 
FINITE has been installed on the Harris 800 computer system 
where it is run in a double precision mode. A double precision word 
on the machine consists of 48 bits (39 bits for mantissa, 7 bits for 
exponent, 2 bits for sign) resulting in 11-12 significant decimal digits 
which is satisfactory for most plate and shell applications. 
1.4 References 
[1] Lopez, L. A., "Finite: An Approach to Structural Mechanics 
Systems," International Journal for Numerical Methods zn 
Engineering, Vol. 11, No.5, 1977, pp. 851-866. 
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CHAPTER 2 
DEGENERATED ISOPARAMETRIC SHELL ELEMENTS 
2.1 Introduction 
In order to carry out the numerical simulations, a shell element 
IS needed to link the proposed material model with FINITE (Lopez, 
Dodds, Rehak and Schmidt). In this chapter, a brief review of shell 
elements is given. Some numerical schemes for the degenerated 
isoparametric shell elements such as explicit integration through the 
thickness, uniform reduced integration over the surface, control of 
spurious zero energy modes and a layering concept are also discussed. 
2.2 Review of Shell Elements 
Shells are structures whose middle planes form singly or doubly 
curved surfaces. When subjected to loads, they display both 
membrane elongation and bending rotation in their internal resisting 
mechanisms. Shell elements then must be able to model shell 
geometry and must combine both membrane and bending actions in 
their displacement behavior. 
There are three alternative ways to go about a shell element 
formulation. In the first approach, it is assumed that the behavior of a 
continuous curved surface can be represented by the behavior of a 
faceted surface built up of many small flat triangular elements (made 
by combining membrane elements with plate bending elements). 
Based on the Kirchhoff hypothesis (normals to the undeformed middle 
surface remain straight and normal to the deformed middle surface) 
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and plate theory, this approach IS easy for formulation and use. 
However, due to the poor approximation of the membrane stiffness of 
lower order triangular elements, an enormous number of elements is 
required to obtain satisfactory results (Zienkiewicz, 1977) and 
sometimes the accuracy is still unacceptable (Cook, 1981). The next 
step is to utilize higher order elements but this normally necessitates 
a reduction in the number of elements used to model the structure. 
Consequently this results in the geometry modeling rapidly degrading. 
Recently several investigators (Batoz, Bathe and Ho, 1980; Bathe, 
Dvorkin and Ho, 1983) have tried to reenact this approach by using 
the discrete Kirchhoff concept. In this remedy, the Kirchhoff 
assumption of zero transverse shear strain energy is imposed only at 
a discrete number of points within the element instead of being 
assumed to exist over the entire element. Because the transverse 
shear strain energy is neglected, this correction is only applicable to 
the analysis of thin shell structures and it still suffers from poor 
performance in some shell problems (Belytschko, Stolarski, Liu, 
Carpenter and Ong, 1985). 
In the second approach, a curved element based on the 
Kirchhoff hypothesis and classical shell theories is used. The 
deri vation of the governing equations is sophisticated and leads to 
many alternative forms depending on the approximations introduced 
(Cook, 1981). Owing to the Kirchhoff assumption, the transverse shear 
deformations are not taken into account in the element formulation 
and thus, similar to the first approach, their applications are restricted 
to thin shells only. The displacements and some of their first order, 
may be even some second order, derivatives are required as nodal 
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degrees of freedom and difficulties arise in satisfying the necessary 
continuity of slopes across interelement boundaries (Zienkiewicz, 
Taylor and Too, 1971). Generally, these elements are inefficient from 
the point of view of the computer time and therefore their application 
is limited (Parisch, 1981). 
In the third approach, three dimensional isoparametric elements 
are made thin in one dimension to simulate shells. But as these 
elements become thin, stiffness coefficients corresponding to the 
thickness direction become much larger than other coefficients. The 
discrepancy presents numerical problems and produces ill-
conditioned equations (Zienkiewicz, 1977). The difficulty was 
overcome by Ahmad, Irons and Zienkiewicz (1970) in the linear 
analysis of moderately thick and thin shells. In their work, a 
"degeneration" process was proposed and applied through the 
thickness of three dimensional isoparametric elements. As the result, 
only the nodes on the middle surface of the element are retained. The 
Mindlin assumption (plane sections originally normal to the middle 
surface remain plane but not necessarily remain normal to the middle 
surface) is used in place of the Kirchhoff hypothesis. With two 
independen t rotations and three displacement degrees of freedom 
employed at each node, the elements requires only CO continuity. This 
procedure has also been applied to the nonlinear analysis of shells by 
several other investigat.ors (Ramm, 1977; Bathe and Bolourchi, 1980; 
Hughes and Liu, 1981; Parisch, 1981). The advantage of using these 
elements IS that no specific classical shell theory is needed. The 
geometry and the displacement field are discretized and interpolated 
from the outset in the sense of the finite element process and all 
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compatibility conditions between elements are satisfied directly and 
effectively (Bathe 1982). By the virtue of the fact that transverse 
shear deformation modes are retained, their application are widely 
opened to thick shell problems as well as thin shell problems. In 
addition, by means of coordinate interpolations, the sides of these 
element can be curved to match more general boundaries without any 
difficulties. 
By comparing the three approaches to the development of a 
general shell analysis element, it appears that the third approach that 
of the degenerated isoparametric shell element IS a best choice and 
therefore, it is used in this investigation. 
2.3 Explicit Integration Through the Thickness 
The degenerated finite element concept introduced by Ahmad, 
Iron and Zienkiewicz (1970) is the most popular basis for element 
development in shell analysis today. However; due to the need for 
numerical integration through the thickness as well as over the 
surface, these degenerated elements are generally expensive to use 
and their application to material nonlinear problems is often limited. 
Substantial savings in computational effort can be achieved without 
significant loss of accuracy by explicitly integrating through the 
thickness prior to the computer implementation (Zienkiewicz, Taylor 
and Too, 1971; Parisch, 1981; Milford and Schnobrich, 1986; Crisfield; 
1986). By doing so, half (sometimes more) of the numerical 
integration operations have been eliminated. Therefore, the 
computation time in calculating the element stiffness matrices has 
been reduced at least by fifty percent. 
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In material nonlinear applications, the consequence of these 
material nonlinearities upon such integrated quantities as stress 
resultants, membrane and bending rigidities, etc. can be introduced 
into the process by using a layered model (Hand, Pecknold and 
Schnobrich, 1972; Schnobrich, 1977; Parisch, 1981; Milford and 
Schnobrich, 1984). The advantage is that when a large number of 
layers are required to represent the stress more accurately, only the 
time necessary to compute the integrated quantities is increased. This 
time is normally negligible compared to the total computational time 
at the element level. 
In general, the explicit integration technique is suitable for thin 
to moderately thick shells and is adopted in this investigation. For 
thick shells, where the variation of the direction cosines with respect 
to the shell normal is not negligible through the depth, numerical 
integration is still recommended. For plate problems this explicit 
integration has the same accuracy as numerical integration over all 
three directions (Zienkiewicz, Taylor and Too, 1971). 
2.4 Choice of Element 
The most two popular degenerated shell elements In 
isoparametric formulations are the eight-node Serendipity element 
and the nine-node Lagrangian element. Both elements require only CO 
continuity of the three displacements and two independent rotations 
and use similar shape functions to interpolate the geometry and the 
displacement fields between nodes. 
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For inplane elements, it has been shown that the performance of 
the eight-node element declines greatly if any corner angle departs 
seriously from 90 degrees and/or when the sides of the element are 
curved in the tangent plane of the element. The nine-node element, on 
other hand, is much less sensitive to shape distortion (Stricklin, Ho, 
Richardson and Haisler, 1977; Backlund, 1978; Cook, 1982; Cook and 
Feng, 1982). 
For plate and shell type problems, investigations have also 
shown that the Serendipity element is less accurate than the 
Lagrangian shell element. By the relatively small cost of uSIng the 
nine-node element In place of the eigh t-node element, an 
improvement in performance can be obtained (Pugh, Hinton and 
Zienkiewicz, 1978; Parisch, 1979; Fezans and Verchery, 1982; Ramm 
and Stegmuller, 1982). 
Within the family of Lagrangian elements, another choice is also 
available, that of the higher order 16 node element. It is more reliable 
than the 9 node element (Ramm and Schweizerhof, 1986) and shows 
very little locking (section 2.5). However; owing to the large number 
of degrees of freedom (96 DOF) per element, during the solution 
process very big half band widths will be the result. From the point of 
view of computer time, this element is expensive to use. Thus its 
applications have been much less frequent than the nine node 
element. The degenerated nine node Lagrangian element appears to 
be the best choice as a plate/shell element. It has been implemented 
In FINITE by Milford and Schnobrich (1984) and is used in this 
investigation. 
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2.5 Uniform Reduced Integration 
In the original development of degenerated isoparametric shell 
elements, Ahmad, Irons and Zienkiewicz (1970) used a 3 x 3 full 
integration rule to calculate the shell stiffness. It was soon discovered 
that when the thickness of the element was reduced, the results 
obtained worsened and finally failed completely. The failure of this 
element in thin shell problems can be traced to two reasons. One is 
due to the computer employed in the analysis. If its word length is too 
short, the problem results (Parisch, 1979). In this case, as the 
thickness of the element decreases, the shear stiffness terms become 
so small that they can not be distinguished from zero by the 
computer. On the other hand, the bending stiffness terms, which are 
already larger than the shear stiffness terms, begin to increase and 
approach infinity. The numerical difficulty of the extreme ratio of 
bending stiffness to the shear stiffness is evident but it can be 
avoided by using a higher accuracy computer. 
The other reason is that when the thickness IS reduced, the 
element should approach the Kirchhoff type element with very small 
shear stress and strain. But due to the full integration calculations, the 
excessive shear rigidity is risen and a parasitic shear is induced. This 
phenomenon is now well known and has been termed as "shear 
locking" (Pawsey and Clough, 1971; Zienkiewicz, Taylor & Too, 1971; 
Pugh, Hinton and Zit~nkiewicz, 1978). To overcome shear locking 
problems, the selective reduced integration rule has been proposed by 
several investigators (Zienkiewicz, Taylor, Too, 1971; Hughes, Cohen 
and Haroun, 1978; Parish, 1979). In this scheme, a reduced integration 
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order (2 x 2) is applied selectively to the transverse shear components 
while the other stiffness components are still integrated using a 3 x 3 
rule (fully integrated). A considerable improvement in the results was 
noticed for thin plate problems, but below a certain thickness the 
model still failed. For curved shell applications, the selective reduced 
integration yielded only a slight improvement of the element. Even 
with a relatively fine mesh, the errors could still be unacceptably 
large. 
It was subsequently found that a phenomenon termed 
"membrane locking", which is related to an inadequate representation 
of membrane stiffness, plays the same important role as "shear 
locking" in plate and shell applications (Parisch, 1979; Belytschko, 
Stolarski, Liu, Carpenter and Ong, 1985). Sometimes an improvement 
in the element behavior can be achieved more as a consequence of a 
reduction in membrane integration than to the reduced transverse 
shear integration. Thus, other than the selective reduced integration, 
the uniform reduced integration for all the stress components is a 
better choice and it has shown a remarkable increase in accuracy of 
results for plate and shell problems (Zienkiewicz, Taylor, Too, 1971; 
Hughes~ Cohen and Haroun, 1978; Pugh, Hinton and Zienkiewicz, 1978; 
Fezans and Verchery, 1982). The only drawback of uniform reduced 
integration is that it produces rank deficiency and therefore the 
associated spurious zero energy modes (Hughes, Cohen and Haroun, 
1978; Bicanic and Hinton, 1979; Parisch, 1979). Fig. 2.1 shows the 
seven zero energy modes in excess of rigid body modes for one 
rectangular nIne node Lagrangian shell element with uniform reduced 
integration. The Serendipity elements do contain fewer zero energy 
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modes. However; in either case with practical structural applications, 
many of these spurious zero energy modes are eliminated by means 
of the boundary condition specification. Thus this defect generally 
does not lead to a singular stiffness matrix for the assembled 
structures. 
2.6 Control of Spurious Zero Energy Modes 
Several methods have been proposed for 'controlling the 
spurious zero energy modes that rIse under uniform reduced 
integration. Among these are: full and selective integrations schemes, 
artificial stiffening procedures and a stabilizing element method. From 
the previous section, it is clearly understood that full and selective 
integrations introduce stiffening effects in the forms of shear locking 
and membrane locking. These bad behaviors, therefore, prohibit the 
full and selective integrations to be used as remedies for a structure 
subjected to complex loading. 
The artificial stiffening procedure has been used in several 
different forms by several investigators (Belytschko, Stolarski, Liu, 
Carpenter and Ong. 1985; Verhegghe and Powell, 1986). In physical 
terms, artificial springs are attached to the nodal points of the 
elements. The stiffness of these springs is kept to a minimum and 
added in to the diagonal terms of the global stiffness matrix so that the 
portion of the diagonal terms of the stiffness matrix which have been 
lost bv reduced auadrature could be recovered. This method does 
- - - J .&. 
suppress some spurious modes but it does not guarantee the complete 
elimination of all zero energy modes in problems where severe 
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singular modes (usually zero bending energy modes) exist (Briassoulis, 
1987). 
The stabilizing element method suggested by Milford and 
Schnobrich (1984) of overlaying a fully integrated element, whose 
elastic modulus is of 10-3 times that used for the rest of the mesh, on 
top of one element is the simplest and most efficient way to make the 
global stiffness matrix nonsingular. This overlay technique is easy to 
implement and has the advantage that it does not increase the 
solution time significantly. In using this method, the most beneficial 
way is to place the stabilizing element along a free or the least 
restrained boundary and always at intersecting free edges. When very 
relaxed boundaries are dealt, several stabilizing elements may be 
the 
finite element meshes, the smaller, nondistorted elements and 
elements not sUbjected to abrupt change of loading should be chosen 
as the stabilizing element (BriassQulis, 1987). 
2.7 Layering Concept 
2.7.1 Introduction 
In the nonlinear material analysis of reinforced concrete 
structureS, the degenerated isoparametric shell eleIIlent can be 
divided into a number of concrete layers through the thickness while 
the steel reinforcement is smeared into equivalent steel layers (Fig. 
2.2). Each layer contains a stress point on its mid-surface. The stresses 
of the layer are computed at these stress points and are assumed to 
be constant over the thickness of the layer. The stress resultants are 
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then defined for each layer separately and the final stress resultants 
can be calculated by summing the stress resultants of all layers 
together (Hand, Pecknold and Schnobrich, 1972; Schnobrich, 1977; 
Parisch, 1981; Milford and Schnobrich; 1984). 
2.7.2 Layered Stiffness Matrix for Concrete 
In the layered model, each concrete layer is assumed to be in a 
state of plane stress and the actual stress distribution of the concrete 
section is modelled by a piecewise constant approximation (Fig. 2.3). 
In addition, it is also assumed that the transverse shear stresses do 
not affect the inplane biaxial behavior of concrete. In the compression 
controlled region, the concrete layers might be in elastic, plastic and 
crushed states. In the tension dominated area, the concrete layers 
could be in elastic, singly cracked and doubly cracked situations. The 
advantage of using this model is the generality of allowing for 
material property variation through the thickness of the section. 
Let the concrete section be divided into 
stress-strain relations for each layer are: 
{cr}=[q{E} (2.1 ) 
constituti ve matrix which will be explained in detail in the following 
chapters. Assume EXQ ' Eyo and 'Yxyo are the strains at the middle 
surface of the section and lex' ley and lex yare the curvatures. The 
strains at the mid-depth of the j-th layer can be calculated as follows: 
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(2.2) 
where Zj is the distance between the center of the j-th layer and the 
middle surface of the section. Let Zjt and Zjb be the distance from the 
middle surface of the section to the top and bottom of the j-th layer 
respectively. Then, the stress resultants (Fig. 2.4) for the j-th layer 
are: 
M = z· (Ze -z·b) a 
x J Jt J x 
(2.3) 
Substitute Eq. (2.1) and (2.2) into (2.3) then the result which 
represents the contribution of the j-th layer to the various stress 
resultants can be expressed in the following form: 
{:Jj [ (Zjt-Zjb)[C] Z.(Ze -Zeb)[C] ]t::} J Jt J = 2 (2.4) z.(z. -Zeb)[C] z· (Ze -z·b)[C] J Jt J J Jt J 
where {N} = {Nx' Ny' Nxy}T, {M} = {Mx' My' Mxy}T, {Eo} = {Exo ' Eyo' 
y X yo} T and {le} = {lex' ley, lex y} T . Normalize Eq. (2.4) with respect to the 
half thickness (t/2) of the section then sum the stiffness contributions 
of each layer together. The dimensionless form of the stiffness matrix 
for the concrete section can be expressed as 
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~.(~. -~·b)[C] J Jt J 
2 ~. (~. -~·b)[C] J Jt J 
2.7.3 Layered Stiffness Matrix for Steel 
(2.5) 
In the layering approach, the steel reinforcement IS smeared 
into equivalent layers of steel having uniaxial properties and the 
stress distribution of reinforcement is considered to be discrete in the 
section (Fig. 2.5). The stress-strain relations of Eq. (2.1) are still valid 
for reinforcing steel, again the content of [C] matrix will be explained 
in the following chapters. Assume there are k steel layers and let zm 
be the distance between the mid-depth of the m-th steel layer and 
the middle surface of the section. The strains at the center of the m-th 
layer are 
(2.6) 
and the contributions to the stress resultants from the m-th layer are 
(2.7) 
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where Pm is the reinforcement ratio for m-th steel layer. Upon 
substitution of Eq. (2.1) and (2.6) into (2.7), the following form of 
stress resultant contributions results: 
{:Jm 
[ Pmt[C] zmPmt[C] ] [:~}} = 2 (2.8) 
zmPmt[C] zmPmt[C] 
The above equations are then normalized with respect to the half 
thickness (t/2) of the section and summed over all the steel layers. 
The dimensionless form of stiffness matrix for all the steel layers can 
be expressed as 
2 2~mPm[C] 
2.7.4 Stiffness Matrix for Transverse Shear Force 
(2.9) 
In the layered stiffness formulation, any dowel action of the 
steel is not considered. The steel reinforcement is assumed to be 
unaffected by any transverse shear stresses. The transverse shear 
stresses are all applied to the concrete section. Furthermore, it is 
assumed that those transverse shear stresses that are developed do 
not affect the inplane or the flexural behavior of the concrete layers. 
The transverse shear stresses are assumed to always remain elastic 
and are not included in the yielding or cracking processes. The matrix 
relation between transverse shear stresses and transverse· shear 
strains is 
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{:;~ = [C'] {~;~ (2.10) 
with 
G 
0 I 
[e'] a = G 
0 , 
a 
where G is the shear modulus of concrete and I • a correction factor a IS 
for shear to count for the shape of the cross section and is usually 
taken as 1.2. 
The shear forces can be obtained by integrating the shear 
stresses through the thickness. 
t /2 
Qx = f 'txz d z (2.11a) 
- t / 2 
t / 2 
Qy = f'tyz dz (2.11b) 
-t/2 
On substituting Eq. (2.10) into (2.11) the relations between shear 
forces and shear strains are expressed as 
(2.12) 
where {Q} = {Qx' Qy}T .and {Yt } = {Yxz' Yyz }T. Divide the above equation 
by (2/t) , the dimensionless form of Eq. (2.12) is 
2 I 
:-{Q} = 2[C] {y J l - - L (2.13 ) 
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2.7.5 Stiffness Matrix for Reinforced Concrete Section 
For the reinforced concrete section, the final form of stress 
resultant constitutive matrix at an integration point and in the 
element local coordinate direction can be written as 
~{N} 
t {Eo} 
~{Q} 
= [D] {'Y t} t 2 ~{M} -{lC} t 
t2 
(2.14 ) 
where [D] can be established by assembling the contributions of all the 
concrete layers via Eq. (2.5), those of all the steel layers via Eq. (2.9) 
and that for the transverse shear stiffness via Eq. (2.13). 
It should be noted that with reinforced concrete section, there 
are different stress states existed in the different layers. Some 
concrete layers may crack in tension while others may yield in 
compression. Steel layers may yield in tension or compression. 
Generally, the stress resultant constitutive matrix is no longer 
symmetric with respect to the middle surface and the extensional and 
flex ural terms are coupled. 
2.8 Summary 
In the formulation of shell element, there are three alternative 
ways, a flat element made by combining a membrane element with a 
plate bending element j a curved element formulated hv utilizi n P" a 
- J - --------0 
specific shell theory or a degenerated isoparametric shell element. 
Among these three options, the degenerated isoparametric elements 
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based on the Mindlin assumption appears as the best choice. They 
require only CO continuity and all compatibility conditions between 
elements are satisfied directly and effectively. By the virtue of the 
fact that transverse shear deformation modes are retained, their 
application is open to thick shell problems as well as thin shell 
problems. In addition, by means of coordinate interpolations, the sides 
of these element can be curved to match more general boundaries 
without any difficulties. Furthermore, through the explicit integration 
scheme, the computation time in calculating the element stiffness 
matrices has been reduced by at least fifty percent which is beneficial 
In linear as well as in nonlinear problems. 
In the family of isoparametric shell elements, the Lagrangian 
elements are more accurate than the Serendipity eiements specially 
when the element shapes are sharply distorted. For the Lagrangian 
element, the sixteen node element is the most reliable element. 
However, owing to the large numbers of degrees of freedom per 
element, it IS too expense to be used and the nine node element 
appears to be a better option. In applications of the nIne node 
Lagrangian elements, shear locking and membrane locking often exist 
with full or selective integrations. To eliminate the locking 
phenomena, the uniform reduced integration is employed but this 
remedy results in a side effect about deleterious as the original 
malady, the appearance of spurious zero energy modes. Several 
methods have been suggested to suppress the zero energy modes 
which are (1) full and selective integrations, (2) use of artificial 
stiffening procedures, and (3) the stabilizing element method. The full 
and selective integration can only be used in simple structures with 
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simple loading where locking problems do not appear. The artificial 
stiffening procedure can eliminate some zero energy modes but it 
does not guarantee the complete suppression of all modes. Among 
these three alternative options, the stabilizing element method is the 
easiest and most efficient way to make the global stiffness matrix 
nonsingular. Furthermore it does not increase the solution time 
significantly. 
In the nonlinear material analysis of reinforced concrete 
structures, the degenerated isoparametric shell element can be 
divided into a number of concrete layers through the thickness while 
the steel reinforcement is smeared into equivalent steel layers. The 
stress resultants are then defined for each layer separately and the 
final stress resultants can be calculated by summing the stress 
resultants of all layers together. In the last part of this chapter, the 
layered stiffness matrices for concrete layers and steel layers are 
derived separately and the final stiffness matrix for the composite 
reinforced concrete section is achieved by assembling all the layered 
stiffness matrix contributions together. 
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CHAPTER 3 
CONSTITUTIVE MODELLING OF PLAIN CONCRETE 
3.1 Introduction 
In the previous chapter, the layered model is used to develop 
the stiffness matrix for the reinforced concrete section. In order that 
the finite element analysis can be carried out, the constitutive 
relationships for both plain concrete and reinforcing steel under plane 
stress conditions are needed. In this chapter, the uniaxial and biaxial 
behaviors and some basic material properties of concrete are 
reviewed. The types of failure concrete under different stress 
conditions are studied and a two dimensional failure criterion is 
introduced. Based on the theory of plasticity, the various hardening 
rules, the yield functions, the associated and nonassociated flow rules, 
the normality law, the criterion of loading and unloading, the 
equivalent uniaxial stress-strain curve and the plastic hardening 
modulus of concrete are studied. The result, a system of two 
dimensional incremental constitutive equations are derived and tested 
against the experimental data of Kupfer, Hilsdorf and Rush (1969). 
In chapter four, the uniaxial stress-strain relationships for steel 
reinforcing bars are discussed and the elastic as well as plastic 
incremental constitutive. equations are also derived. In addition to the 
plastic deformations of plain concrete and reinforcement, the highly 
nonline~r behavior of this composite material can also be caused by 
cracking and the interactions between cracked concrete and steel. 
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can influence not only the predicted ultimate capacities but also· the 
failure mechanisms of reinforced concrete structures. Owing to the 
importance of these phenomena one chapter, chapter five, is set aside 
for their study. There various crack models, tension stiffening and 
shear retention factor are carefully examined. The post-cracking 
constitutive equations for cracked reinforced concrete are then 
established. 
3.2 Material Characteristics of Concrete 
3.2.1 Uniaxial Behavior of Concrete 
Typical stress-strain curves for concrete subjected to monotonic 
uniaxial compressive load are shown in Fig. 3.1 (Winter and Nilson, 
1979). Up to 30 percent of its maximum compressive strength f~, 
concrete behaves as a linear elastic material. Although bond cracks 
may already exist, these cracks are quite stable at low stresses and 
have little tendency to propagate. For stress above 0.3f~, the bond 
cracks start to grow due to the stress concentration at the crack tips 
and some additional microcracks form at the mortar aggregate 
interfaces. Upon further loading, these cracks begin to propagate 
through the mortar and a more extensive and continuous crack 
system starts to develop (Mindess and Young, 1981). In general, for 
stresses higher than 0.3f~ concrete exhibits a softening behavior until 
it reach the peak stress at a strain between 0.002 to 0.003. Beyond 
the peak stress point, with increasing compressive strain, damage to 
concrete continues to accumulate and finally concrete enters the 
descending portion of its stress-strain curve. 
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The initial modulus of elasticity of concrete is highly correlated 
to its compressive strength, with a higher modulus of elasticity 
corresponding to a higher compressive strength. Instead of requIrIng 
actual test data, the initial modulus of elasticity Ec for normal weight 
concrete can be calculated with reasonable accuracy from the 
empirical equations (AeI committee 318, 1983): 
Ec = 57000 ~ (psi) (3.1 a) 
or 
Ec = 4730 ~ (MPa) (3 .1 b) 
where f~ is the uniaxial compressive cylinder strength of concrete. 
Under uniaxial compression, the concrete strain e o 
corresponding to the peak stress f~ is usually around the range of 
0.002 to 0.003. A representative vaiue suggested by ACI Committee 
318 (1983) is 
EO = 0.003 (3.2) 
Poisson's ratio v for concrete under uniaxial compressive stress 
ranges from about 0.15 to 0.22, with a representative value of 0.19 or 
0.20 (ASCE, 1981). Under uniaxial loading, the ratio v remains constant 
until approximately 80 percent of f~. With further loading, the 
apparent Poisson's ratio. begins to increase. At failure stage, the value 
of v in excess of 0.5 has been measured (Kupfer, Hilsdorf and Rusch, 
1969). In this study, unless otherwise specified, a typical value of v 
equal to 0.19 is used. 
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Fig. 3.2 shows the stress-strain curve for concrete in uniaxial 
tension (Hughes and Chapman, 1966). The shape of the curve exhibits 
many similarities to its uniaxial compression curve; however, the 
maximum tensile stress is much less than the maximum compressive 
stress. The ratio between uniaxial tensile and compressive strength 
usually ranges from 0.05 to 0.1. This is not surprising since the role of 
microcracking must be even more important for tensile states of 
stress. Under uniaxial tension, the modulus of elasticity is somewhat 
higher and the Poisson's ratio somewhat lower than the values 
exhibited in compression (Kupfer, Hilsdorf and Rusch, 1969). 
The direct tensile strength f~ is difficult to measure and IS 
normally taken as approximately (ASCE, 1981): 
f~ = 4 ~ (psi) (3.3a) 
or 
f~ = 0.33 ~ (MPa) (3.3 b) 
3.2.2 Biaxial Behavior 
Under different combinations of biaxial loading, the strength and 
stress-strain behavior of concrete are somewhat different from those 
exhibited under uniaxial conditions. Fig. 3.3 illustrates a typical biaxial 
strength envelop for concrete subjected to proportional biaxial loading 
(Kupfer, Hilsdorf and Rusch, 1969). The maximum strength envelop 
seems to be largely independent of load path (N elissen, 1972; 
Maekawa and Okamura, 1983). Under conditions of biaxial 
compressIon, a maximum strength increase of approximately 25 
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percent is achieved at a stress ratio of (J 1/ (J 2 = 0.5 and is reduced to 
about 16 percent for an equal biaxial compression state ((J1/(J2 = 1). 
Under combinations of tension and compressIon, concrete exhibits a 
noticeably reduced strength. The compressIve strength decreases 
almost linearly as the applied tensile stress is increased. Other test 
results (Vecchio and Collins, 1982; Maekawa and Okamura, 1983) 
showed that the principal tensile stress has a degrading effect not 
only on the principal compressive strength but also on the principal 
compressive stiffness. Under biaxial tension, concrete exhibits a 
constant tensile strength, which is almost the same as that observed 
for its uniaxial tensile strength. 
3.3 Failure Types and Failure Criterion for Concrete 
In general, there are two types of failure for concrete, say, 
tensile and compressive types. Tensile and compressive type failures 
are usually characterized by brittleness and ductility, respectively. 
The tensile type of failure is defined as "cracking" where a major 
crack rapidly appears in the direction normal to the principal tensile 
stress. The compressive type of failure is defined as "crushing" where 
many small distributed cracks appear and the two principal stresses 
cannot be kept constant at the peak stress condition. For biaxial 
compression, the failure mode is crushing type, but for biaxial tension, 
the failure mode is cracking type. For combined tension-compression, 
both types of failure' modes have been observed (Neiissen, 1972; 
Maekawa and Okamura, 1983; Kupfer, Hilsdorf and Rusch, 1969). 
Cracking failure takes place under stress conditions where the tensile 
32 
stress is relatively large while crushing failure takes place under high 
compression low tension stress states. 
Many failure criteria have been proposed for plain concrete 
(Chen, 1982). Among those, the strength of concrete under combined 
shear and direct stress may be predicted closely by the octahedral 
shear stress failure criterion. This criterion relates the octahedral 
shear stress 'toct to the mean stress am at failure 
where 
For plane stress conditions, the above equations become 
Mikkola and Schnobrich (1970) obtained close agreement with 
the experimental results of Kupfer, Hilsdorf and Rusch (1969) by 
using linear expressions of the form 
f'l A \ 
,oJ''-} 
where a and b are material constants. Eq. (3.4) represents two 
expressions; one is valid for biaxial compression, while the other is 
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valid for both the biaxial tension and combined tension compression 
regions. If the constants a and b are evaluated in terms of concrete 
strength In tension and in compression, f~ and f~, respectively, then 
Eq. (3.4) yields the following two expressions: 
-'2 1 - a _ 2~ 2 ~ f' = 0 
't oct + 'J L- 1 +a cr m 3 1 +a c (3.5a) 
(3 .5b) 
where a and ~ are given as 
(3.6a) 
~ = 1.16 (3.6b) 
Eq. (3.5 a) IS used to indicate the boundary between cracked and 
uncracked concrete In biaxial tension and combined tension 
compression regions. Eq. (3.5b) is used as a yield criterion for concrete 
In the biaxial compression area. These equations have a discontinuity 
at points (O,f~) and (f~ ,0), where either equation could be used. 
3.4 Plasticity Based Models for Concrete 
3.4.1 Introduction 
When concrete is subjected to compressive stresses, 
experimental results (Sinha, Gerstle and Tulin, 1964) have indicated 
that the nonlinear deformations of concrete are basically inelastic, 
since upon unloading only a portion of those strains can be recovered 
from the total strains (Fig. 3.4). Therefore, the stress-strain behavior 
of concrete material may be separated into recoverable and 
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nonrecoverable components. The recoverable part can be treated 
within the field of elasticity theory while the irrecoverable part can 
be treated by the theory of plasticity. Plasticity based models have 
been used extensively in recent years to describe the behavior of 
concrete. In general, models based on the theory of plasticity describe 
concrete as an elastic perfectly plastic material (Mikkola and 
Schnobrich, 1970; Hand, Pecknold and Schnobrich, 1972; Suidan and 
Schnobrich, 1973; Salem and Mohraz, 1974; Abdel Rahman, 1982), or, 
to account for the hardening behavior up to the ultimate strength, as 
an elastic strain hardening plastic material (Chen and Chen, 1975; 
B uyukozturk, 1977 ; Murray, Chitnuyanondh, Rijub-Agha and Wong, 
1979; Chen and Ting, 1980; Chen, 1981; Hen and Chen, 1987). 
Under high compression, it is know that concrete can flow 
somewhat like a ductile material, the stress still moving along the 
yield surface before reaching the crushing conditions. This limited 
plastic flow ability of concrete before crushing can be represented by 
the introduction of an elastic perfectly plastic model as shown in Fig. 
3.5. In order to simulate a concrete softening behavior, a 
generalization of the elastic-perfectly plastic model can be made by 
using the strain hardening theory of plasticity in establishing the 
constitutive relations for concrete. The primary characteristics of this 
model is the introduction of a pressure sensitivity during inelastic 
behavior. With this approach an initial yield surface is defined as the 
limiting surface for elastic behavior and this surface is located at a 
certain distance from the final failure surface. Fig. 3.6 shows the 
projections of these two limiting surfaces in a two dimensional 
principal stress space. When the state of stress lies within the initial 
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yield surface, the material behavior is assumed to be in the elastic 
range. When the material is stressed beyond this initial elastic limit 
surface, a subsequent new discontinuity surface IS developed and thus 
replaces the initial yield surface. Unloading and reloading of the 
material within this subsequent loading surface results in elastic 
behavior. No additional plastic deformation occurs until this new 
surface is reached a second time. Further discontinuity surfaces and 
additional plastic deformations will result if loading is continued 
beyond this surface. Final collapse of the concrete is defined when the 
failure surface is reached and concrete cracking or crushing takes 
place. 
It IS obvious that the elastic strain hardening plastic model is 
more general and more accurate than the earlier elastic perfectly 
plastic models. In this chapter, the main focus IS not only on 
predicting the ultimate Strength of plain concrete but also on 
simulating the stress-strain behavior of concrete prior to failure. 
Therefore, the elastic strain hardening plastic model IS used In this 
investigation. 
In order to apply the incremental theory of elastic strain 
hardening plasticity, several things have to be specified beforehand. 
They are the hardening rules which describe the motion of the 
subsequent yield surface during continuous loading, the yield function 
which defines the initial and subsequent yield surfaces, the flow rules 
which relate the plastic strain increments to stress increments, the 
criterion of loading and unloading during plastic deformation and the 
equivalent uniaxial stress-strain curve that calibrates the plastic 
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hardening modulus. All of these will be discussed In the following 
sections. 
3.4.2 Hardening Rules 
The hardening rule defines the motion of the subsequent yield 
surface during plastic loading. A number of hardening rules have been 
proposed, such as isotropic hardening, kinematic hardening and mixed 
hardening rules (Chen, 1982; Mendelson, 1983). The isotropic 
hardening rule assumes that the yield surface expands uniformly 
without distortion as plastic deformation occurs, as shown 
schematically in Fig. 3.7a. This hardening rule implies that because of 
hardening the material will exhibit an increase in the compressive 
yield stress equal to the increase in the tensile yield stress. On the 
other hand, the kinematic hardening rule assumes that during plastic 
deformation the yield surface translates as a rigid body in stress 
space. The subsequent yield surface has the same size, shape and 
orientation as the initial yield surface (Fig. 3.7b). The Bauschinger 
effect of reducing the size of the locus on one side as that on the other 
side is being increased IS taken into account. Finally the mixed 
hardening rule can be achieved by combining the two preceding cases 
together. This resulting rule can be used to simulate different degrees 
of Bauschinger effect. In this formulation, the shape and orientation of 
the ini tial yield surface are unchanged, but the subsequent yield 
surface expenences translation and uniform expansion In all 
directions (Fig. 3.7c). 
For monotonic loading cases, the Bauschinger effect is not crucial 
since no reverse loading takes place. Among these three hardening 
37 
rules, the assumption of isotropic hardening is the simplest one, 
mathematically, to formulate. Therefore, it is used in this study to 
simulate concrete behavior. 
3.4.3 The Yield Functions 
For strain hardening concrete, the subsequent yield surfaces 
change for continued straining beyond the initial yield surface. In 
plasticity theory, it is convenient to assume that the initial and 
subsequent yield conditions can be defined by the same yield function 
expressed in the following form: 
f( { (j },Q.) = F( { cr }) - Q. = 0 (3.7) 
such that whenever the function F becomes equal to the value of Q:. 
yielding would occur and Q. then takes on a new value. The function F 
can then be looked upon as a loading function and Q:. is a hardening 
parameter which is called the "equivalent uniaxial stress" (see section 
3.4.6). The parameter Q. depends on the complete previous stress and 
strain history of the material and its strain hardening properties. Due 
to the different failure types of concrete under different stress states 
(section 3.3). the yield functions used in this study are discussed in 
the context of biaxial tension, combined tension-compression and 
biaxial 
3.4.3.1 Biaxial Tension 
For biaxial tension, the stress-strain curves of concrete are 
almost linear up to failure (Fig. 3.8). Therefore, it is sufficient to 
assume that the initial yield surface coincides with the failure surface 
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(Fig. 3.6). Under this assumption, prior to failure taking place, concrete 
has pure elastic behavior . No plastic deformation has occurred. 
Consider Eq. (3.5a). The failure surface for biaxial tension is defined as 
3 l+a 3 1 - a I 
f = C (--=--'t +--0") - f = 0 
1 2~ 2 a oct 2 a m c (3.8) 
where 
and (J 1 and 0"2 are principal stresses with 0" 1 ~ 0"2. In this stress region, 
when the failure surface is reached, the failure mode of concrete is 
cracking and major cracking appears in the direction normal to the 
principal tensile stress. 
3.4.3.2 Combined Tension.Compression 
When concrete is subjected to a combined tension-compression 
stress state, its stress-strain curves are as shown in Fig. 3.9. It is 
obvious that concrete behaves quite linearly in low compression high 
tension regions and that its behavior is quite nonlinear in high 
compression low tension regions (Fig. 3.6). Similar to Eq. (3.8), the 
yield function is defined as 
where 
3 l+a 3 1- a 
f=c (--=--'t +--0" )-1I= 0 
2 2~ 2 a oct 2 a m 
+,...70 - -' - 1- < =0.103, with cr
1 J.vJ. - .............. v I' v 2 
having negative value 
(3.9) 
and cr2 
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In this stress region, both cracking and crushing failure modes 
have been observed during experimental work (N elissen, 1972; 
Maekawa and Okamura, 1983; Kupfer, Hilsdorf and Rusch, 1969). 
Cracking failure takes place under the stress conditions where the 
tensile stress is relatively large while crushing failure takes place 
under high compression low tension stress states. In order to separate 
these two failure modes, the principal stress ratio (Jl/02 of 1/-15 
reported by Kupfer, Hilsdorf and Rusch, (1969) is used. Thus, when -00 
< (Jl/02 < -1/15 and .Q: = f~, cracking will occur; and when -1/15 ~ 
, 
(J 1 /(J2 < 0 and Q. = fc' concrete will enter the descending portion of its 
stress-strain curve which leads then to the culmination i.e. the 
crushing condition. 
3.4.3.3 Biaxial Compression 
For biaxial compression, the stress-strain curves of concrete are 
shown in Fig. 3.10. It can be seen that concrete experiences highly 
nonlinear deformation before reaching the failure surface (Fig. 3.6). 
Consider Eq. (3.5b). The yield function is defined as 
(3.10) 
where 
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with 0' 1 and 0'2 both having negative values and 0' 1 ~ 0'2. In this stress 
region, when the failure surface is reached (Q. = f~), concrete stress 
begins to decrease with further straining. Finally crushing occurs and 
the concrete breaks down totally. 
3.4.4 Flow Rules and Drucker's Instability Postulates 
The total strains experienced by a plastic body can be divided 
into the sum of the elastic and plastic strains, {E} e and {E} p. That is 
If in terms of incremental strains, then 
d{E} = d{E}e + d{E}p (3.11) 
When the material deforms plastically, it IS conventional to 
assume that based on the normality condition, the incremental plastic 
strains d { E } P can be related to a plastic potential function 
g( {a} &) = G( (a}) - Q. = 0 
by the following equation 
(3.12) 
where dA IS a positive scalar factor which may vary through the 
hardening process. The gradient of the potential surface ag/a{ a} 
defines the direction of the incremental plastic strain vector d {E} P and 
the length is determined by the factor dA. Because the vector ag/a{ a} 
is normal to the potential surface, it is easy to see that the incremental 
plastic strain is also normal to the surface defined by the plastic 
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potential function g. This condition is called the normality law. In the 
simplest case when the plastic potential function and yield function 
coincide g = f, then 
af aF 
d { E} P = ciA a { a} = dA. a { a } (3.13 ) 
Eq. (3.13) is called the associated flow rule because the incremental 
plastic strains are connected with the yield function f. If g i-: f, Eq. 
(3.12) is termed a nonassociated flow rule. 
Use of the associated flow rule satisfies Drucker's local material 
instability postulates (Drucker, 1950, 1952) which state: If an external 
agency slowly applies and removes additional forces to a working 
body which is already in an equilibrium condition then (1) positive 
work is done by the external agency during the application of the 
added set of stresses, that is d{ a} T d {e} > 0; and (2) the net work 
performed by the external agency over the cycle of application and 
removal is zero or positive, that is d {cr} T d {e} p ~ O. The associated flow 
rule has been implemented by many many investigators (Mikkola and 
Schnobrich, 1970; Hand, Pecknold and Schnobrich, 1972; Salem and 
Mohraz, 1974; Chen and Chen, 1975; Buyukozturk, 1977; Murray, 
Chitnuyanondh, Rijub-Agha and Wong, 1979; Chen and Ting, 1980; 
Abdel Rahman, 1982). However, it has been found that the associated 
flow rule does not hold for the whole range of the response spectrum 
of concrete and that it sometimes leads to great discrepancies between 
predicted and measured response as \vell as load carrying capacities 
(Chen, 1981; Han and Chen, 1987). 
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On the other hand, uSIng a nonassociated flow rule might violate 
Drucker's local material instability postulates. However; whereas these 
postulates provide sufficient conditions for stability, it has been 
suggested that they are not necessary conditions (Mroz, 1963). In 
addition, it has been found that while a granular material dilated 
during the loading process, it followed a nonassociated flow rule. 
Stable behavior has been observed in a stress region in which 
Drucker's local material instability postulates were violated and that 
stability was maintained until the failure surface was reached (Lade, 
Nelson and Ito, 1987). Recently, the nonassociated flow rule has been 
applied to some practical problems by several investigators 
(Buyukozturk and Tassoulas, 1979; Vermeer and de Borst, 1984; Han 
and Chen, 1987). 
In this investigation, both associated and nonassociated flow 
rules have been used to formulate the constitutive equations for 
concrete and the results are compared between each other. For a 
nonassociated flow rule, the simplest von Mises yield function is used 
In this study and it has the following form 
3 g=_~'t -Q=O 
'J2 oct (3.14 ) 
3.4.5 Criterion of Loading and Unloading 
For a strain hardening material, the subsequent yield surfaces 
change for continued straining beyond the initial yield surface. In Eq. 
(3.6), a yield function is defined as having the following form 
f( { cr } ,Q.) = F( { cr }) - ~ = 0 
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such that whenever the function F becomes equal to the value of Q:. 
yielding would occur and Q:. takes on a new value. During the plastic 
deformation, there are four cases of loading conditions that can be 
distinguished for a strain hardening material: 
1. 
2. 
3. 
aF T 
f = 0, dF = (a { 0" }) d { O"} > 0 
f = 0 means the stress state is on the yield surface. dF > 0 
means the stress states is moving out from the yield surface 
and plastic flow is occurring. This constitutes loading. 
aF T 
f=O dF=(-) d{O"} =0 
, a{O"} 
dF = 0 corresponds to the case of the stress state movIng on 
the yield surface and is called neutral loading. 
dF < 0 means the stress state is moving In from the yield 
surface and unloading is taking place. 
4. if f < 0, the stress is in an elastic state. 
In general, the yield function f( { O"} ,Q:.) = 0 represents a surface in three 
dimensional stress space. Fig. 3.11 shows those four states on a yield 
surface in a two dimensional principal stress space. 
3.4.6 Equivalent Uniaxial Stress-Strain Curve 
When plastic deformation occurs, there should be a certain 
parameter to guide the expansion of the yield surface. A commonly 
used approach is to relate the multidimensional stress and strain 
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conditions to a paIr of quantities, namely, the effective stress .cr. and 
effective strain ~, such that results obtained following different 
loading paths can all be correlated by means of the equivalent 
uniaxial stress-strain curve. Then from the curve, a plastic hardening 
modulus H can be calculated and used to control the movement of 
subsequent yield surfaces. 
The uniaxial compressive stress-strain relationship proposed by 
Saenz (1964) is now widely taken as the uniaxial stress-strain curve 
for concrete. However, it has been found that for different principal 
stress ratios, the corresponding equivalent uniaxial stress-strain 
curves were quite different and had a large variety (Chen and Chen, 
1975; Buyukozturk, 1977). In this investigation, in order to make the 
equivalent uniaxial stress-strain curve more general, a variable, r, 
depended on the principal stress ratio is proposed to be implicitly 
added into the Saenz's equation. The proposed equivalent uniaxial 
stress-strain curve then has the following form. 
Q. = 
where 
E ~ c 
is the ratio relation. 
is the modular ratio. 
(3.15) 
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0'0 
R = - is the stress ratio. 
cr O'f 
Ef 
R = - is the strain ratio. 
E E* 
0'0 
E = - is the secant modulus. 
o E* 
and E* = qEo IS the strain corresponding to the peak stress on the 
equivalent uniaxial stress-strain curve. Ec is the initial modulus of 
elastici ty. 0'0 and Eo are the peak strength and the corresponding 
strain produced by a 
maximum strain and the corresponding stress on the equivalent 
uniaxial stress-strain curve (Fig. 3.12). 
The value of the variable q can be determined as follows (with 
0"1 ~ 0"2): (1) In combined tension-compression region, for -00 < 0'1/0'2 < 
-0.103 
(2) In biaxial compression regIon, 
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, 
When Eq. (3.15) is used, ao can be taken as fc and Ec ' eo can be 
taken from Eq. (3.1), (3.2) respectively. For af and ef' Darwin and 
Pecknold (1977) used Rcr = 5, Re = 4; Elwi and Murray (1979), Chen 
(1981) used Rcr = 4, Re = 4. Generally, to define crf and ef on any 
rigorous experimental basis is impossible, since the descending branch 
of the stress-strain curve is highly test dependent and is usually 
unavailable from statically determinate tests. In this study, it is 
assumed that Rcr = 4 and Re = 4. 
The equivalent uniaxial tangent modulus Et can be calculated by 
differentiating Eq. (3.15) with respect to the effective strain f. and it 
has the following form: 
(3.16 ) 
Beyond the peak stress point In the strain softening region, with 
further straining, the compressive stress begins to decrease and the 
equivalent uniaxial tangent modulus becomes negative. In order to 
prevent the numerical difficulty associated with negative tangent 
modulus, once the ultimate yield stress f~ has been reached, Et is set 
to zero and concrete then behaves like a perfectly plastic material. 
This plastic response is allowed to propagate through a limited strain 
~e at which the unbalanced stress are released. This process follows in 
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a stepwise fashion with the corresponding yield surface being 
contracted simultaneously. 
3.4.7 Plastic Hardening Modulus 
After the equivalent uniaxial stress-strain curve IS built up, the 
next step is to find the plastic hardening modulus H which is 
associated with the rate of expansion of the yield surface. This 
modulus is defined as 
dcr 
H=~ 
d~ (3.17) 
where dcr is the incremental equivalent stress and d~ is the 
incremental equivalent plastic strain. Before H is calculated, it is 
important to notice that the equivalent strain f. is made of an elastic 
part ~e and a plastic part ~. 
If In terms of incremental strains, then 
(3.18 ) 
Divide Eq. (3.18) by dQ: and use Eqs. (3.16) and (3.17). Then this 
incremental strain equation becomes 
One rearrangIng the above equation, then the plastic hardening 
modulus can be expressed as 
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(3.19) 
The total equivalent plastic strain can be now calculated by 
integrating the equivalent incremental plastic strain. 
(3.20) 
3.4.8 Constitutive Equations for Plain Concrete 
Once the hardening rule has been chosen, and the yield function 
has been defined, incremental plastic stress-strain relations based on 
the flow rule are applicable to such a material model. Through the 
plastic hardening modulus, the corresponding constitutive equations 
can then be derived. Now consider Eq. (3.7): 
f ( ( a},Q) = 0 
Differentiate the above equation, then 
af af d~ 
df = (_)T d{a} +---dL = 0 
d (a) d5l. d~ -}1 (3.21 ) 
From the theory of elasticity, the incremental stresses can be related 
to the incremental elastic strains by a generalized Hooke's law. In 
abbreviated form 
(3.22) 
where [C]e is a 3 x 3 material elastic material property matrix. Within 
the context of plane stress this matrix is given as follows 
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in which Ec is the initial modulus of elasticity for concrete and v is its 
Poisson's ratio. Substitute Eq. (3.17) and (3.22) into Eq. (3.21) then 
But from (3.12) and (3.13) 
af aF 
-----
a{cr} - a{cr} 
and also af/aQ = -1. Now Eq. (3.23) becomes 
aF T aG 
(a{cr}) [C]e (d{E} - ciA a{cr}) - H d~ = 0 
Consider the plastic work done during the plastic deformation 
Following rearrangement of Eq. (3.25), then 
aG { cr } T dA::"-
-o{cr} 
(3.23 ) 
(3.24 ) 
(3.25) 
(3.26) 
For the proposed yield function, von Mises plastic potential function 
and other yield functions in plasticity theory, it is known (Chen, 1982) 
that 
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T aG 
{a} a{cr} = G 
Use Eq. (3.27a), then Eq. (3.26) become 
G d~ = dA Q 
(3.27a) 
(3.27b) 
(3.28 ) 
Substituting Eq. (3.28) into Eq. (3.24) and solving for dA, we obtain 
dA = (3.29) 
Finally, substitute Eq. (3.29) into Eq. (3.22), then the incremental 
stress-strain constitutive equation for plain concrete can be expressed 
as 
(3.30) 
where 
(3.31 ) 
There are several things worth noting In Eqs. (3.30) and (3.31). 
First, if the associated flow rule is used (Le. f = g and F = G), then [C]e p 
is symmetrical. Otherwise, [C]ep becomes unsymmetrical and in order 
to carry out the finite element solution an unsymmetrical equation 
solver is needed. Second, under the condition that the plastic 
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hardening modulus H = 0, no matter how much the load is increased, 
the yield surface would not expand. Eq. (3.30) then becomes the 
incremental stress-strain relationships for elastic perfectly plastic 
material and [C]ep is singular. 
3.4.9 Numerical Implementation for Incremental Plasticity 
For a stress state in the elastic range, there is no difficult In 
using the incremental stress-strain relationships to calculate the new 
incremen tal stress d { (j}. However, when the stress transits from an 
elastic to a plastic state or when the stress state has already been in a 
plastic state, in order to apply the incremental plasticity theory some 
numerical correction methods are required. These methods are 
explained as follows (Chen, 1982): 
Fig. 3.13 shows a yield surface, f( {(j} ,Q:) = O. It is assumed that at 
the beginning of the load application, the stress path has reached 
point A and the stress {(j} a satisfies 
(3.32) 
which is in an elastic state. After a load increment during which the 
stress follows a fully elastic stress path, tl { (j} e = [C]etl {E}, the result IS 
computed to reach B, penetrating the yield surface at C. At this time 
(3.33a) 
and 
(3.33b) 
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Because the above equation violates the yield condition f=O, the load 
increment is subdivided into two parts, an elastic portion AC and a 
plastic portion beyond point C. To determine the penetration point, the 
stress at point C can be written as 
(3.34 ) 
where r 1 is the scaling factor which IS determined by a linear 
interpolation on f (Zienkiewicz, Valliappan and King, 1969). 
r 1 = f f 
1 - 0 
(3.35) 
Owing to the nonlinearity In the function f, it can be expected that 
A better estimate can be obtained by considering an 
instantaneous point on the yield surface where ~ is assumed as a 
constant. The differentiation of f can be written 
af T 
df = (a{o}) d{o} 
If we set 
df = - f 2 
and substitute Eqs. (3.37) into (3.36), we get 
~rl = 
f2 
(3.36) 
(3.37a) 
(3.37b) 
(3.38) 
53 
Adding Eq. (3.35) and (3.38) together, an improved value of r is thus 
established (Nayak and Zienkiewicz, 1972). 
r=r +~r = 1 1 (3.39) 
Once the elastic portion of the strain increment r~{ E} and the 
plastic portion of the strain increment (l-r)~ { E} are determined, the 
plastic stress increment can be calculated by using the constitutive 
equation (3.30) 
~{E} r~{E} ~{E} 
~{O"} = J
o
r ([C]e-[Clp)d{E} = 10 [C]ed{E} + I [Clepd{E) 
r~{ E} 
~{E} 
= r[Cle~{E) + I [Clepd{E} 
r~{ E} 
(3.40) 
The computation of the incremental stress In Eq. (3.40) requires a 
numerical integration. The simplest approximation is to use the linear 
relation 
~{E} 
I [C]epd{E} = (l-r)[C]ep~{E) 
r~ { E} 
(3.41 ) 
Because of the inevitable discretization error due to the linear 
approximation in Eq. (3.41), stresses tend to drift off the yield surface 
and generally 
f( { 0" } a + ~ { 0" } ,Q.) = f3 * 0 (3.42) 
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Such departures are cumulative and as it is important in analysis to 
maintain the yield condition, a correction must be made to restore 
stresses to the correct yield surface. 
Such a correction can be achieved in a similar manner to that 
discussed in the previous refinement for a better value of r by 
assuming that the stress change is in the direction of the normal to the 
yield surface. 
af 
o{a} = p a{cr} (3.43 ) 
where 0 { a} is the stress correction vector and p is a scalar. On 
substitute of Eqs. (3.42) and (3.43) into Eq. (3.36), we have 
af T af T af 
df = - f3 = (a{a}J o{ cr} = (a{a}J p a{a} 
Solve for the scalar p and substitute it into Eq. (3.43), then 
o{a} 
af 
a{a} (3.44 ) 
The correction described in Eq. (3.44) ensures that the yield condition 
is satisfied. However; it still should be noted that the approximation in 
Eq. (3.41) is admissible only if small increments are used. When a 
large increment has to be dealt with, a more accurate procedure is 
required and this can be achieved by dividing the strain increments 
(l-r)il {E} into m smaller intervals. Then the expression 
~{E} f [C]epd{e} = 
r~{ E} 
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m ~{E} I (1-r)[C]ep -
1 m 
(3.45) 
and the drift correction of Eq. (3.44) is used in the plastic range with 
[C] ep and af/a { (j} being updated at the beginning of each interval. 
3.5 Comparison with Experimental Results 
In order to test the proposed elastic, strain hardening, plastic 
model for plain concrete, the experimental data of Kupfer, Hilsdorf 
and Rusch (1969) has been selected as the basis for a comparison. The 
loading directions and the finite element idealization for the 
specimens are shown in Fig. 3.14. Details of 
are given in Table 3.1. 
During the first try, a uniform reduced integration (2 x 2) rule 
was used with the nine node Lagrangian element. However, severe 
inplane zero energy modes were encountered with the result that the 
solution blew up. Because of the flat element and the loading 
conditions, there are no bending moments and transverse shears 
existing thus locking problems are avoided for this case. Therefore, in 
the second try, the 3 x 3 integration rule is used to avoid any zero 
energy modes. It was found that the lock of stiffness for these modes 
is removed and satisfactory results are obtained. As a result, the full 
integration rule is implemented in this series of the numerical 
simulations. 
The predicted responses of concrete In the biaxial tension stress 
region are plotted in Figs. 3.15, 3.16 and 3.17. Because there are no 
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plastic deformations occurring during the loading process, concrete 
behaves in a pure linear elastic mode up to failure. The proposed 
linear elastic model in this stress region works very well and excellent 
agreement IS obtained. 
For concrete subjected to combined tension-compression, the 
computed responses are plotted in Figs. 3.18, 3.19 and 3.20. It can be 
seen that the results predicted by the associated flow rule are only 
good in the major principal direction. In the minor principal direction, 
the predicted responses are too soft often moving far away from the 
test data. This phenomenon has also been reported by Murray, 
Chitnuyanondh, Rijub-Agha and Wong (1979). On the other hand, the 
predictions based on a nonassociated flow rule, in which the von Mises 
yield function is used as the plastic potential function, are in good 
agreement with the experimental data not only In the major principal 
direction but also in the minor principal direction. It appears that the 
associated flow rule is too restrictive for concrete specially when the 
stress combinations involve the high compression and low tension 
regIon. 
When concrete stresses are In biaxial compression region, the 
numerical simulations produce the results plotted in Figs. 3.21, 3.22 
and 3.23. Similar to the results obtained in the combined tension-
compressIon cases, the predictions computed by the nonassociated 
flow rule are better than those calculated by an associated flow rule. 
However; because the directions of the flow vectors formulated by 
both flow rules are very close, the discrepancy between using these 
two rules is not very large. For the special case with equal biaxial 
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compression, the predictions are the same while using both rules, 
since the two flow vectors lie in the same direction. 
As a result of the numerical analysis, it IS found that the 
isotropic hardening formulation together with the proposed 
generalized equivalent uniaxial stress-strain curve which takes 
account of different stress paths are adequate in modelling the 
concrete hardening behavior. The proposed elastic, strain hardening, 
plastic model for plain concrete which includes proposed yield 
functions, isotropic hardening formulation, generalized equivalent 
uniaxial stress-strain curve and nonassociated flow rule is adequate in 
describing the plastic behavior of plain concrete. 
3.6 On Symmetrization of the Stiffness Matrix 
Because of the use of a nonassociated flow rule, the structure 
stiffness matrix is unsymmetric. In order to save data storage 
memory and the computing time in decomposing the stiffness matrix, 
a symmetrization of the stiffness matrix was attempted. 
In deriving the finite element solution, when the principal of 
virtual work is used, the total internal virtual work is equal to the 
total external virtual work. We can write 
f (~}T (J }dv = f (d T[C](e}dv = ~l!.li 
v v 1 
(3.46) 
In which 14 and {~} T are nodal virtual displacements and 
corresponding virtual strains that satisfy the compatibility condition, 
fi and {cr} are the generalized nodal point forces and corresponding 
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stresses satisfying the equilibrium condition, {E} are the strains 
produced by the stresses {cr} and [C] is an unsymmetric 3 x 3 material 
constitutive matrix. 
Another way to formulate the finite element equations IS to use 
the principal of minimum potential energy. The total potential energy 
of a body can be written as 
where 
n = ~ f {e}T[C]{e}dv - ~uifi 
v 1 
u· are the nodal displacements. Applying the variational 
1 
operator a to the above equation and invoking the stationary 
condition, orr = 0, we obtain 
on = ~ J [ 0 {e}T[C]{e} + {e}T[C]1\ {e}] dv - ~ou/i = 0 
v 1 
or 
( r C' ( ) T 1 /rrn . r.rn T, ( .... 1 1 J LOt E) 2'JLJ+LLJ) tEl J av = (3.47) 
v 
Compare Eq. (3.46) with (3.47) and let {f.} = a { E}, 14 = au i. Then a 
symmetrized material constitutive matrix [C]s can be achieved by 
using 
(3.48) 
Equation (3.48) has been used to analyze the test data of Kupfer, 
Hilsdorf and Rusch again. However, the numerical predictions 
computed by the symmetrized coefficient matrices are worse than 
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those obtained from the use of the original unsymmetric coefficient 
matrices. The convergence is very slow and sometimes the solutions 
diverge. This phenomenon has also been discovered by Li, Han, Mang 
and Torzicky (1986) during the process of symmetrization the 
stiffness matrix. As a conclusion, the results obtained on the basis of 
the symmetrized matrix are poor and unacceptable. The unsymmetric 
matrix formulation of Eq. (3.46) is left unchanged. This unsymmetric 
form is used in the rest of this investigation. 
3.7 Summary 
In the beginning of this chapter, the uniaxial and biaxial 
behaviors and some material properties of concrete are reviewed. 
Experimental work shows that when concrete is subjected to biaxial 
stresses, in a tension dominated area the failure type is "cracking", 
while in compression controlled regions the failure mechanism is 
"crushing". Many failure criteria have been proposed for concrete. 
Among those the strength of concrete under combined shear and 
direct s tress may be predicted closely by an octahedral shear stress 
failure criterion. 
The nonlinear deformations of concrete are basically inelastic, 
because upon unloading only a portion of the strains can be recovered 
from the total strains. Therefore, the stress-strain behavior of the 
concrete material may be separated into recoverable and 
nonrecoverable components. The recoverable part can be treated 
within the field of elasticity theory while the irrecoverable part can 
be treated by the theory of plasticity. 
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In developing the proposed elastic strain hardening plastic 
model, an isotropic hardening rule is used to define the motion of the 
subsequent yield surface during plastic loading. This hardening rule 
implies that because of hardening the material will exhibit an increase 
in the compressive yield stress equal to the increase in the tensile 
yield stress. Based on the failure criterion suggested by Mikkola and 
Schnobrich (1970), the modified yield functions f( {cr} ,Q.) = F( {cr}) - Q. = 0 
are proposed in biaxial tension, combined tension -compression and 
biaxial compression stress regions separately. In the biaxial tension 
area, due to the linear behavior up to failure, it is sufficient to assume 
that the initial yield surface coincides with the failure surface. 
When the material deforms plastically, it is conventional to 
assume that based on the normality condition, the incremental plastic 
strains can be related to a plastic potential function g( { cr} ,Q.) = G( { cr}) -
Q. = 0 by the equation 
ag aG 
d { E } P = dA a { cr} = dA a {cr } 
which is called the nonassociated flow rule. When the plastic potential 
function and the yield function coincide f = g, then 
which is called the associated flow rule. 
Use of an associated flow rule satisfies Drucker's local material 
instability postulates, but sometimes leads to great discrepancies 
between predicted and measured responses as well as load carrying 
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capacities. On the other hand, using a nonassociated flow rule rule 
might violate Drucker's local material instability postulates. However; 
whereas these postulates provide sufficiency conditions for stability, it 
has been suggested that they are not necessary conditions. In 
addition, it has been found that while the granular material dilated 
during the loading process, it followed a nonassociated flow rule. 
Stable behavior was observed in a stress region in which Drucker's 
local material instability postulates were violated and stability was 
maintained until the failure surface was reached. 
For a strain hardening material, there are four cases of loading 
conditions that can be distinguished: (1) f = 0, dF > 0, this constitutes 
loading, (2) f = 0, dF = 0, this is called neutral loading, (3) f = 0, dF < 0, 
in an elastic state. 
When hardening occurs, a commonly used approach is to relate 
the mul tidimensional stress and strain conditions to a pair of 
quantities, namely, the effective stress ~ and effective strain f., such 
that results obtained by different loading paths can all be correlated 
by means of the equivalent uniaxial stress-strain curve. Then from 
the curve, a plastic hardening modulus H can be calculated and used 
to con~rol the movement of subsequent yield surfaces. In this 
investigation, based on the compressive stress-strain relationship 
suggested by Saenz (1964), a more generalized equivalent uniaxial 
stress-strain curve is proposed so that for different principal stress 
ratios, the corresponding equivalent uniaxial stress-strain curves can 
be different. 
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In the last part of this chapter, the constitutive equations are 
derived for the strain hardening plastic model and some numerical 
correction methods for incremental plasticity are discussed. This 
proposed model has been tested against the experimental data of 
Kupfer, Hilsdorf and Rush (1969). Several conclusions are obtained as 
follow: 
1. The proposed linear elastic model in biaxial tension region 
works very well and excellent agreement is obtained. 
2. The associated flow rule is too restrictive for concrete. The 
results achieved using such a model are poor specially in 
regions of high compression and low tension. 
3. In regions of combined tension-compression and biaxial 
compression, the predictions based on the nonassociated 
flow rule show very good agreement with the test data. 
4. The isotropic hardening formulation together with the 
proposed generalized equivalent uniaxial stress-strain curve 
which takes account of different stress paths are adequate 
in modelling the concrete hardening behavior. 
5. Because of the use of a nonassociated flow rule, the 
structure's stiffness matrix is unsymmetric. In attempting to 
symmetrize the material constitutive matrix, it appears that 
the results obtained on the basis of such a symmetrized 
matrix are so poor as to be considered. Therefore, the 
formulation that results in the unsymmetric stiffness matrix 
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is retained. It is used throughout the remaining part of this 
investigation. 
6. The proposed elastic strain hardening plastic model for 
plain concrete which includes proposed yield functions, 
isotropic hardening formulation, generalized equivalent 
uniaxial stress-strain curve and nonassociated flow rule is 
adequate In describing the plastic behavior of plain 
concrete. 
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CHAPTER 4 
CONSTITUTIVE MODELLING OF REINFORCING STEEL 
4.1 Introduction 
In contrast to concrete, the material behavior of reinforcing steel 
is well known. Typical stress-strain curves for steel reinforcing bars 
loaded monotonically in tension are shown in Fig. 4.1 (ASCE, 1982). 
For simplicity in calculations, it is often necessary to simplify the 
steel stress-strain curve. For moderate strain, mild steel behaves 
approximately like a perfectly plastic material. In view of the 
importance of mild steel as the reinforcing material in reinforced 
concrete, it is not surprising that most studies of inelastic behavior of 
reinforced concrete structures assume that reinforcing steel is an 
elastic perfectly plastic material (Mikkola and Schnobrich, 1970; 
Salem and Mohraz, 1974; Vecchio and Collins, 1982). In this 
investigation, an idealized bilinear curve, identical in tension and 
compression, is used to model the characteristics of reinforcing steel 
(Fig. 4.2). When steel reinforcement yields, its behavior may be either 
elasto-plastic or strain hardening depending on the plastic modulus 
Esp used. Unloading and reloading of steel stress in the plastic range is 
allowed along a path parallel to the direction of initial modulus of 
elastici ty. 
4.2 Constitutive Equations for Reinforcing Steel 
In the present model, the dowel action of reinforcing steel is 
neglected. The bond between steel and concrete is assumed to be 
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perfect (see section 5.3). The steel reinforcement is treated as an 
equivalent uniaxial material which is smeared through the concrete 
section (individual bars are not modeled). This approach has been 
used by a lot of investigators (Hand, Pecknold and Schnobrich, 1972; 
Yuzugullu and Schnobrich, 1973; Darwin and Pecknold, 1974; Abdel 
Rahman, 1982; Milford and Schnobrich 1984). 
Since steel bars can be oriented at any angle to the element local 
x-y axis, the layer behavior is first described In the material 
coordinates (x' ,y') and then transferred to the element local 
coordinates 4 .." 
." ). In the material coordinates with steel 
reinforcement parallel to xl-axis, the elastic incremental constitutive 
matrix can be written as 
(4.1 ) 
where Es is the initial modulus of elasticity for reinforcing steel bar. 
When yielding of steel occurs, the plastic incremental constitutive 
matrix then becomes 
(4.2) 
where Esp is the plastic modulus for steel. 
4.3 Transformations 
Stress-strain relationships for steel reinforcement are usually 
formulated in material coordinates but the stress resultants and 
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stiffness calculations need to be done In the element local coordinates. 
Therefore, the transformations of the stresses, strains and constitutive 
equations between these two coordinates are required and this can be 
carried out by using the transformation matrix [T] which depends on 
the angle S between the material and the element local coordinates. 
Let d{a,}T = {dax" day" dtx'y'} and d{E,}T = {dEx" dEy" dyx'y'} be the 
incremental stresses and strains in the material coordinates and let 
d { a} T = {da x' day' dtx y} and d {E} T = {dEx ' dEy' dy x y} be the 
incremental stresses and strains in the element local coordinates. We 
have 
d { E'} = [T] d { E } (4.3a) 
d { (J} = [T] T d { a'} (4.3b) 
where [T] is given as (Cook, 1981) 
I cos2S sin2S sinScos9 1 [T] = sin 2S cos2s -sin9cos9 
-2sin8cos8 2sin8cos8 .,..,.,. .... 29 .... ~n2e L ~V;) -;).l 1 .J 
(4.4) 
and e is measured counterclockwise from element local x-aXIS to 
material x'-axis. 
since d{a'} = [C'] d{E'}, using Eq. (4.3a) and (4.3b), we obtain 
d { (j} = [T] T [C'] [T] d { E } ( 4.5 ) 
Then, the constitutive matrix In the element local coordinates is 
defined as 
[C] = [T]T [C] [T] (4.6) 
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4.4 Summary 
In this investigation, the steel reinforcement is treated as a 
equivalent uniaxial material which is smeared through the concrete 
section. An idealized bilinear stress-strain curve, identical in tension 
and compression, is used to model the reinforcing steel. The dowel 
action of steel is neglected and perfect bond is assumed between 
concrete and steel. Stress-strain relationships for steel reinforcement 
are first formulated in material coordinates and then transformed into 
element local coordinates. 
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CHAPTER 5 
CONSTITUTIVE MODELLING OF CRACKED REINFORCED 
CONCRETE 
5.1 Introduction 
Because concrete IS relatively weak and brittle in tension, 
concrete cracking as well as the interactions between steel and 
cracked concrete can cause highly nonlinear behavior to reinforced 
concrete members. Different crack models and post-cracking stress-
strain relationships can in some cases influence not only the predicted 
ultimate capacities but also the failure mechanisms of reinforced 
concrete structures. 
In chapter three the various criteria for cracking of plain 
concrete have been discussed in detail. In this chapter, the main focus 
is on the various crack models, tension stiffening effects and shear 
retention factor. The post-cracking constitutive equations for 
reinforced concrete will be established and tested against the 
experimental data of Vecchio and Collins (1982). 
5.2 Bond between Concrete and Reinforcing Steel 
Bond between steel reinforcement and concrete IS of 
fundamental importance to most aspects of localized reinforced 
concrete behavior especially when cracks have taken place. The 
characteristics of the interface can affect the location, spacing and 
width of cracks in members, the internal distribution of stresses in 
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both concrete and steel, and the effective stiffness of the member 
(ASCE, 1982). 
When a reinforced concrete member is subjected to loading, the 
steel reinforcing bar has a tendency to slip through the surrounding 
concrete. This slip is resisted by a combination of adhesion, friction 
and the mechanical interlock of the protrudent bar ribs with the 
surrounding concrete. Various mathematical formulations have been 
proposed for modelling the bond stress slip behavior (Nilson, 1968; 
ASCE, 1982). However, in many analyses bond slip and bond stress 
degradation are only of secondary importance and may not affect 
overall structural behavior significantly, especially for monotonic 
loading cases (Gerstle, 1981). Therefore, in cases such as these it is 
sufficient to assume that the bond between steel and concrete IS 
perfect and through the tension stiffening concept, the stresses In 
steel and cracked concrete are calculated in an averaging approach, 
which has been adopted in this investigation. 
5.3 Cracking Representations 
The load-deflection and failure behavior of reinforced concrete 
structures are greatly influenced by the formation of cracks in the 
concrete which result as a consequence of tensile stresses. In the finite 
element analysis of reinforced concrete members, two different 
approaches have been employed to model concrete cracking: the 
discrete and the smeared crack representations. 
In the discrete crack system, a crack IS modeled by 
disconnecting or separating adjacent elements on each side of a node 
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using additional nodes (Ngo and Scordelis, 1967; Nilson, 1968; Saouma, 
and Ingraffea, 1981). This procedure therefore actually produces the 
crack by a physical separation into two sides across a crack, as shown 
in Fig. 5.1. However, difficulties encountered in the redefining of the 
finite element topology and in the lack of generality in possible 
cracking directions have restricted the use of discrete crack model. 
In the smeared crack system, introduced by Rashid (1968), 
cracked concrete is assumed to remain a continuum. A crack is not 
discrete but implies an infinite number of parallel fissures across that 
part of the finite element (Fig. 5.2). After cracking has occurred, the 
elastic coefficients in the material constitutive matrix are changed as 
concrete becomes an orthotropic material. This approach has been 
widely used and with apparent success for a variety of structures 
(Hand, Pecknold and Schnobrich, 1972; Sharma, Reich and Chang, 
1983; Dodds, Darwin and Leibengood, 1984; Rots, Nauta, Kusters and 
Blaauwendraad, 1985; de Brost, 1986) and is adopted in this 
investigation. 
5.4 Fixed Crack Model 
5.4.1 Introduction 
In mos t conventional finite element analysis of reinforced 
concrete structures. crack directions are assumed fixed once they form 
and while they remain open. This concept is termed the "fixed crack 
model" and has been used by a lot of investigators (Hand, Pecknold 
and Schnobrich, 1972; Scanlon and Murray, 1972; Suidan and 
Schnobrich, 1973; Darwin and Pecknold, 1974; Lin and Scordelis, 1975; 
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Gilbert and Warner, 1978; Abdel Rahman, 1982). However; this model 
leads to crack directions inconsistent with the limit state (Gupta and 
Akbar, 1983) and experimental results (Vecchio and Collins, 1982) do 
show that the crack directions can change in the course of loading. 
Consequently, the need for an algorithm that can count for this 
rotating crack effect is obvious. 
In this section, the traditional fixed crack model is reviewed, 
and in the next section a rotating crack model based on the algorithm 
of Gupta and Akbar (1983) will be developed. In the final part of this 
chapter both crack models will be tested against the experimental 
data of Vecchio and Collins (1982). 
5.4.2 Singly Cracked Concrete 
In the fixed crack model, when the concrete stresses reach the 
failure surfaces defined in Eqs. (3.8) and (3.9), cracking takes place. 
Those cracks form perpendicular to the maximum tensile stress 
direction. In the smeared crack representation, concrete is treated as 
an orthotropic material with principal axes normal and parallel to the 
crack direction (Fig. 5.2). With the early models the modulus of 
elasticity of concrete normal to the crack direction is reduced to zero 
and owing to the lack of interaction between the two orthogonal 
directions the Poisson's ratio v is taken as zero. The incremental 
stress-strain relationships associated with the crack coordinates then 
become (Hand, Pecknold and Schnobrich, 1972; Yuzugullu and 
Schnobrich, 1973) 
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o 
o 
o 
(5.1) 
where E t is the tangent modulus of concrete parallel to the crack 
direction (will be discussed later), J.l is the shear retention factor with 
o < J.l ~ 1 (will also be discussed later), and G c = Ec /2 is the shear 
modulus of concrete. 
5.4.3 Tension Stiffening 
The use of the orthotropic constitutive Eq. (5.1) to represent 
cracked concrete may not be totally realistic, because cracked concrete 
can still initially carry some tensile stress in the direction normal to 
the crack (Fig. 3.2, Hughes and Chapman, 1966). Fig. 5.3 illustrates the 
physical situation in the vicinity of some cracks. At a crack that has 
fully formed, the concrete stress drops to zero so the full load is 
transferred to reinforcing steel at that location. However; between the 
cracks the load is shared by steel and concrete. The ability of intact 
concrete between adjacent cracks to carry tensile stresses is termed 
tension stiffening and it means the average stress over a cracked 
region is not zero. Limited test data have been obtained from the 
experiments of Vecchio and Collins (1982) and they report that 
reasonably high values of average concrete tensile stress exist "even 
for strains one hundred times greater than the cracking strain". 
Various models have been proposed to relate the resulting 
average tensile stresses in the concrete to the average tensile strains 
(ACI Committee 224, 1986). Among these are (1) a stepped response 
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after cracking (Fig. 5.4a), introduced by Scanlon and Murray (1972), 
(2) a gradual unloading response after cracking (Fig. 5.4b), introduced 
by Lin and Scordelis (1975), and (3) the discontinuous unloading 
response after cracking (Fig. 5.4c), introduced by Gilbert and Warner 
(1978). However; none of these techniques take the relative angle 
between the crack and the steel reinforcing bar into account. 
Fig. 5.5 shows two concrete elements reinforced in one direction 
only. In one element, the crack forms at 90 degrees to the reinforcing 
steel while in the other element, the angle between the crack and the 
steel reinforcement IS less than 90 degrees. In the former case, the 
average tension In the cracked concrete IS transmitted by 
reinforcement across the crack. Whereas, in the latter case, the 
average tensile stress in the cracked concrete that can exist across the 
crack is transmitted not only by steel reinforcing bars but also by 
shear and normal stresses on the surface of crack. Therefore, it can be 
expected that the average tension resisted by cracked concrete in the 
case of a skewed crack element IS higher than that In the 
perpendicularly cracked element. This phenomenon has been noticed 
by Bhide (1986) in the tests of unidirectional reinforced concrete 
subjected to different ratios of tension and shear (Fig. 5.6). He 
suggested an average tensile stress-strain curve for cracked concrete 
of the following form: 
(5.2a) 
where ft and Et are the average principal tensile stress and average 
principal tensile strain for cracked concrete respectively while f~ is 
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the concrete tensile strength. The term ex which accounts for· the 
different angles between the crack and steel is given by 
ex = (90/181)1.5 (5 .2b) 
where e is measured counterclockwise in degrees from the steel 
direction to the crack direction. In the case of unequal reinforcement 
in two orthogonal directions, the axis of the stronger reinforcement is 
taken as the reference direction. Eq. (5.2) is plotted for various values 
of 8 in Fig. 5.7 and is compared with pure tension test data of Bhide 
(1986) in Fig. 5.8. 
In situations where the reinforcement steel yields, the average 
tensile stress of cracked concrete is close to zero (Vecchio and Collins, 
1982) so the tension stiffening effect should not artificially increase 
the total stress In the direction of any yielded reinforcement 
otherwise an overestimation of the ultimate capacity may be 
expected. Fig. 5.9 shows a crack in an unidirectional reinforced 
concrete element. In the direction parallel to the steel, the maximum 
average tensile stress of concrete, ftm , can be 
where P IS the steel reinforcement percentage, fy is the yield stress 
for steel and fs is the current steel stress. Rotate ftm to the direction 
normal to crack then the limitation for concrete tension stiffening 
stress is defined as 
(5.3) 
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where e is measured counterclockwise from steel aXIS to the direction 
normal to crack. If there are N layers of steel existing at a concrete 
section, then a generalized upper bound of Eq. (5.3) can be written as 
follows 
N 
f t S; " p. (f . -f .) cos 2 e I" L..J 1 yI SI 
i=l 
In which i stands for i-th steel layer. 
(5.4) 
Other than using the modified tensile stress-strain curve for 
cracked concrete, the tension stiffening effect can also be achieved by 
increasing the tension steel stiffness as illustrated in Fig. 5.10, which 
is introduced by Gilbert and Warner (1978). The additional stress in 
the steel represents the total tensile force carried by both the steel 
and the concrete between the cracks. The added stress is lumped at 
the level of the steel and oriented in the same direction as steel for 
reasons of convenience. 
In this study, the method of modifying the tensile stress-strain 
curve for concrete suggested by Bhide (1986) together with the upper 
bound Eq. (5.4), and the method of modified tension steel stiffness 
suggested by Gilbert and Warner (1978) are studied and compared 
with each other. 
5.4.4 Stress Degrading Effect Parallel to Crack Direction 
After cracking takes place, the concrete parallel to the crack 
direction is still capable of resisting tensile and compressive forces. 
When it is subjected to tension, a pure linear elastic behavior is 
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assumed (Fig. 5.11) and Et is taken as Ec in Eq. (5.1). On the other 
hand when it is subjected to compression, experimental results 
(Vecchio and Collins, 1982; Maekawa and Okamura, 1983) show that 
the tensile cracks have caused damage to concrete with the transverse 
tensile strain having a degrading effect not only on the compressive 
strength but also on the compressive stiffness. Therefore, the concrete 
in this situation is softer and weaker than that in a standard cylinder 
test. 
Several formulas (Cervenka, 1985; Vecchio and Collins, 1982, 
1986) have been proposed to determine the degraded maximum 
compressive strength, fcmax ' for concrete parallel to the crack 
direction and the experimentally determined relationship suggested 
by Vecchio and Coilins (1986) is used in this study (rig. 5.12). 'l'hat is 
1.0 (5.5) 
where f~ and EO are concrete compressive strength and corresponding 
strain and £t is the average tensile strain normal to the crack 
direction. After the peak point is determined, the stress-strain curve 
suggested by Saenz (1964) is used again. Similar to Eq. (3.15), we have 
(Fig. 5.11) 
(5.6) 
In which 
f 
R - cmax - 4 
0" - fcf -
Ef 
R =-=4 
E E 
o 
E = fcmax 
o E 
o 
8 1 
and the tangent modulus Et used in Eq. (5.1) is 
It should be noted that due to the degrading in 
(5.7) 
maximum 
compreSSIve strength, the tangent modulus IS also reduced 
simultaneously. In order to prevent the numerical difficulty 
associated with negative tangent modulus, once the peak stress fc max 
has been reached, Et is set to zero and the unbalanced stress are 
released in a stepwise fashion. 
5.4.5 Shear Retention 
After cracking takes place, the cracked reinforced concrete can 
still transfer shear forces through aggregate interlock or shear friction 
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and dowel action. Aggregate interlock is primarily affected by the 
crack width while dowel action is affected by the concrete cover to the 
bar, the bar size and the presence of orthogonal reinforcement. 
In order to take the shear stiffness of cracked concrete into 
account in the smeared crack model, a reduced shear modulus J.l.G c is 
retained (with 0 < J.l. $; 1) in the constitutive Eq. (5.1) instead of 
dropping that capacity to zero. This IS equivalent to introduced a 
number of springs parallel to the crack to represent the effect of shear 
friction or aggregate interlock and to some extent the dowel action. 
The use of a reduced shear modulus not only improves the realism of 
the cracking representation during the finite element analysis but also 
removes most of the numerical difficulties caused by the singularity 
of the composite material constitutive matrix (ASCE, 1982). 
The reduced shear modulus approach was first introduced by 
Hand, Pecknold and Schnobrich (1972) and a constant value for shear 
retention factor (J.l. = 0.4) was used throughout the analysis. Later a 
value of J.l. linearly decreasing with the tensile strain normal to the 
crack was proposed by Cedolin and Dei Poli (1977) and a hyperbolic 
variation of J.l. with the tensile strain normal to crack has also been 
suggested by AI-Mahaidi (1979). These curves are all plotted in Fig. 
5.13. 
Although it seems more realistic to use a reduced shear modulus 
which depends on some measure of the crack width, numerous 
analytical results have demonstrated that the particular value chosen 
for Jl (between 0 and 1) does not appear to be critical but values 
greater than zero are necessary to prevent numerical instabilities (Lin 
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and Scordelis, 1975; Ivanyi, 1981; Razaqpur and Ghali, 1981; ASCE, 
1982). With regard to these discussions very sophisticated 
assumptions concerning the reduced shear stiffness are no more 
precise than a simple constant assumption. Consequently, other than 
for those specific cases where it is specified otherwise a constant 
value of Jl = 0.25 is used in this investigation. 
5.4.6 Multiple Cracked Concrete 
On further loading of singly cracked concrete, another smeared 
crack may form normal to the current maximum principal tensile 
stress direction when the concrete stress again reaches one of the 
failure surfaces of Eqs. (3.8) and (3.9). Because the shear capacity is 
retained in the constitutive matrix of a singly cracked concrete, the 
maximum principal tensile stress direction is no longer normal to the 
first crack. Therefore, these two cracks need not be orthogonal and the 
second crack can be at any angle to the first crack (ASCE, 1982; Abdel 
Rahman, 1982). However; in order to prevent unrealistic excessive 
cracking In concrete, a minimum value for the angle between these 
two cracks, say 30 degrees (Ivanyi, 1981; Abdel Rahman, 1982) is set 
In this investigation. 
When nonorthogonal cracks exist, to develop a consistent shear 
retention model. equal shear stresses must be produced on both crack 
faces. This can be done by' orienting the orthogonal reference 
coordinates (x",y") with one axis bisecting the two nonorthogonal crack 
directions as shown in Fig. 5.14. The angle e between the x" -axis and 
the element local x-axis is defined as 
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(5.8) 
In which 81 is the angle between the first crack and the x-axis and 82 
is the angle between the second crack and the x -axis separately. Both 
angles are measured counterclockwise from element's local x-axis to 
the crack direction. 
The incremental stress-strain relationships for doubly cracked 
concrete in the new reference coordinates then become 
{dax,,} rex,,} 0 0 0 rex" } day" = [e"] dey" = 0 0 0 dey" (5.9) 
d'tx"y" dyx"y" 0 0 JlGc dyx"y" 
If tension stiffening within the concrete is In effect, the tensile 
stresses ax" and a y " can be calculated by using the tensile strains ex" 
and ey " via Eq. (5.2). 
When doubly cracked concrete is subjected to further loading, 
the concrete stresses may reach the failure surfaces defined by Eqs. 
(3.8) and (3.9) yet again and a third crack will form normal to the 
maximum principal tensile stress direction. As a special. case, if the 
tension stiffening effective on concrete is ignored in Eq. (5.9), owing to 
the pure shear stress condition, this crack must be at an angle of 45 
degrees to both the newly oriented reference x" -axis and y" -axis. But 
no matter how the new crack orients, the cracked concrete loses all 
stiffness and can not carry any tension stiffening stresses. The 
incremental stress-strain relationships for triply cracked concrete 
referred to the element local coordinates (x,y) now become 
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(5.10) 
5.4.7 Transformations 
Stress-strain relationships for singly and doubly cracked 
concrete are usually formulated in material coordinates (x' ,y') or 
(x",y"). The transformations of the stresses, strains and constitutive 
equations between the material coordinates and the element 
coordinates are frequently required and this can be carried out by 
using the same transformation matrix [T] as Eq. (4.4) which depends 
on the angle e between x and x' axes or x and x" axes (Fig. 5.2 and 
5.14). The angle e is measured counterclockwise from the element 
local x-axis to the material xl-axis or x"-axis. Let d{O",}T = {dO" i, dO" i, X y 
d'tx'y'} a~d d{a,,}T = {dax '" day'" d'tx"y"} be the incremental stresses in 
the material coordinates and d{E,}T = {dEx" dEy" dyx'y'} and d{E,,}T = 
{ d Ex '" dEy'" dy x "y"} be the incremental strains in the material 
coordinates. Let d{a}T = {dax ' day' d'txy } and d{E}T = {dEx ' dEy' dyxy} 
be the incremental stresses and strains in the element local 
coordinates. We have 
d { cr} = [T] T d { a' }, d { E'} = [T] d { E } (5.11a) 
or 
d { cr} = [T] T d { a" }, d { E"} = [T] d { E } (5.11b) 
since d{a'} = [C'] d{E'} and d{a"} = [cn] d{E"}, using Eq. (5.1Ia) and 
(5.1Ib), we obtain 
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d{ a} = [T]T [ef ] [T] d{e} (S.12a) 
or 
d{a} = [T]T [en] [T] die} (S.12b) 
Then, the constitutive matrix In the element local coordinates is 
defined as 
[C] = [T]T [ef ] [T] (S.13a) 
for singly cracked concrete, or 
[C] = [T] T [eft] [T] (S.13b) 
for doubly cracked concrete. 
5.5 Rotating Crack Model 
5.5.1 Introduction 
In anisotropically reinforced concrete elements which have 
different amounts of reinforcement in two orthogonal directions, the 
internal resisting forces do not remain proportional upon cracking. For 
isotropically reinforced concrete elements if the steel in one direction 
yields first, the proportionality of internal resisting forces is also lost. 
Therefore In cases such as these the principal stress and strain 
directions do not remain fixed anymore and the crack directions start 
to shift. The change in the crack direction and the consequential 
change in direction of the maximum stiffness was clearly observed in 
the experiments of Vecchio and Collins (1982). The conventional fixed 
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crack model can not handle this crack rotation effect and the need 'for 
a rotating crack model is quite obvious. 
The rotating crack concept for finite element analysis of 
reinforced concrete is first introduced by Cope and Rao (1977) for the 
analysis of slab sections subjected to flexural loading. In their work, 
the constitutive matrix of cracked concrete is always applied to the 
current principal strain direction and thus, the crack direction rotates 
simultaneously with the principal strain axis. This concept has been 
further extended by Gupta and Akbar (1983) by adding a rotating 
crack stiffness into the material constitutive matrix to represent the 
effect of possible changes in the crack direction. This extended 
algorithm forms the backbone of the rotating crack model and has 
been used by Milford and Schnobrich (1984) in the analysis of 
reinforced concrete cooling towers. 
5.5.2 Cracked Concrete 
The basic assumption for the rotating crack model is that after 
cracking takes place, the crack direction is always perpendicular to 
the direction of the major principal strain axis during the course of 
loading (Gupta and Akbar, 1983) and as a consequence the principal 
stress axes are always coincided with the principal strain axes. This 
assumption is in agreement with the experimental observations of 
Vecchio and Collins (1982) and is also used by Duchon (1972) and 
Vecchio and Collins (1982, 1986). 
In this model, the initiation of the first crack, similar to the fixed 
crack model, happens when the concrete stresses reach one of the 
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failure surfaces defined in Eqs. (3.8) and (3.9). The incremental stress-
strain relationships associated with the crack coordinates (Fig. 5.2) 
become 
o 
o 
o 
o 0 
(5.14) 
The tension stiffening phenomenon, the stress degrading effect 
parallel to crack direction and the shear friction in terms of shear 
retention factor are all the same as with the fixed crack model. 
Consequently these aspects will not be repeated here. 
During the further loading of the singly cracked concrete, a 
second set of cracks can form but in this model this is allowed to take 
place only in the direction normal to the first set of smeared cracks. 
, 
Therefore, in that direction if the concrete stress is less than ft, then 
, 
concrete remains singly cracked, otherwise if it is greater than ft, then 
the second set of cracks forms. The stress-strain relationships for 
doubly cracked concrete are the same as Eq. (5.9) and are written as 
follows: 
{dcrx .. } rex..} 0 0 0 rex .. } day" = [C"] dEy" = 0 0 0 dEy" (5.15) 
d'tx"y" dyx"y" 0 0 IJ.Gc dy x"y" 
The only difference is that in the rotating crack model the x" and y" 
axes coincide with the two orthogonal crack directions (Fig. 5.15). 
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Transforming the stresses, strains and constitutive equations 
between the crack coordinates (x' ,y') and (x" ,y") and element 
coordinates (x,y) for the singly and doubly cracked concrete is 
necessary and can be done with the help of the transformation matrix 
[T]. These procedures has been formulated In section 5.4.7 and are not 
repeated here. 
Eqs. (5.14) and (5.15) are only applied to the crack coordinates 
locally. In order to take the crack rotating effect into account, a 
modification in the global sense must be carried out. This procedure is 
derived in the next section, first for singly cracked concrete then for 
doubly cracked concrete. 
5.5.3 Constitutive Matrix for Rotating Crack Model 
When concrete is cracked in one direction only, the total stress-
strain relationships In the element coordinates can be written as 
follows 
(5.16) 
where [C]sec and [C']sec are the secant constitutive matrix in the 
element and material coordinates respectively. 
In deriving the rotating crack stiffness matrix, the shear 
retention factor Il is taken as zero for the sake of convenience. This 
will not affect the stress-strain relationships for cracked concrete, 
as well as the 
shear strain are always zero. Now [C']sec becomes 
[C']sec = 
o 
o 
o 
o 
o 
o 
o 
o 
90 
(5.17) 
In which Es ec is the secant modulus of concrete in the direction 
parallel to crack. Substituting Eq. (5.17) into (5.16) and using the 
transformation matrix [T] in Eq. (4.4), we have 
sin4e sin2ecos2e -sin3ecose 
[C]sec = Esec sin2ecos
2
e cos
4
e -sinecos3e (5.18) 
-sin3ecose -sinecos3e sin2ecos 2e 
The direction e is given by 
tan2e 
'Y xy 
= 
Ex-Ey 
(5.19) 
The incremental stress-strain relationships can be obtained by 
differentiating Eq. 5.16. 
a[c]sec d[C]sec 
d { cr} = [C] sec d { E} + a {E } d { E } { E} + de de {E } (5.20) 
Adding the first and the second terms on the right hand side of Eq. 
(5.20) together, we get 
a[C]sec 
[C]secd IE} + alE} d{EHE} = [C]d{E} = [T]T[C][Tld{E} (5.21 ) 
The de term In Eq. (5.20) can be calculated by differentiating Eq. 
(5.19) 
2 d9 
cos 229 
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Rearrange the above equation, then 
(5.22) 
The differentiation of the secant constitutive matrix with respect to 8 
in Eq. (5.20) can be written as follows 
2ab 2 a
2 
ac -(cb2+-) 2 
d[C]sec 
Esec a
2 (5.23 ) = 
-2ad2 (--cd2) de ac 2 
L a2 a2 J -(cb2+2') (--cd2) ac 2 
In which a = sin2S, b = sinS, c = cos28, d = cosS. Now substituting Eq. 
(5.22) and (5.23) into the third term on the right hand side of Eq. 
(5.20), we obtain 
d[C]sec 
dS {E} dS = [G] d{E} (5.24 ) 
where [G] represents the effects of possible change In the crack 
direction and is given by 
sin228 -sin 228 -sin2Scos28 
2 
[G] = 
-a~,cos 2S 
-sin 229 sin 228 sin28cos28 (5.25) 2(E
x
-Ey ) 
-sin2Scos29 sin29cos2S cos22S 
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In which ay' = Esec(Exsin29+EycOS29-Yxysin9cos9) is the concrete stress 
parallel to the crack direction. If the tension stiffening phenomenon is 
taken into account, Eq. (5.25) becomes 
-sin 229 -sin29c os29 
sin29cos29 (5.26) 
-sin29cos29 sin29cos29 
In which ax' IS the tension stiffening stress normal to the crack 
direction. 
Add Eq. (5.21) and (5.24) together, the incremental stress-strain 
relationships for singly cracked concrete then can be got as follows 
d { a} = ([T] T [C'][T] + [G D d { E } (5.27) 
If the same procedures from Eq. (5.16) to (5.27) are applied to 
doubly cracked concrete again, the constitutive equations for doubly 
cracked concrete can be got as below 
d{a} = ([T]T[C"][T] + [GD d{E} 
In Eq. (5.28) the [G] matrix becomes 
[G] = r 
sin229 
(a "-O"y,,)cos229 
x _ . 2?A . 2?A 
2(E
x 
-Ey) l -SIn· SIn -'-
-sin29cos29 sin29cos29 
-sin29cos29 
cos
229 
(5.28 ) 
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where ox" and cry" are the tension stiffening stresses normal to the 
first crack and the second crack directions respectively. It is 
interesting to note that if the tension stiffening effect is ignored, i.e. 
crx " = cry" = 0, then [G] matrix becomes a null matrix. 
5.6 Comparison with Experimental Results 
5.6.1 Test Program 
The response of reinforced concrete panels subjected to inplane 
shear and normal stresses has been extensively investigated by 
Vecchio and Collins (1982). These panels were loaded by forces being 
applied to the "shear keys" which were anchored into the perimeter 
edges of the specimens Fig. (5.16). Each shear key was attached by 
two links oriented at 45 degrees to the side of the specimen. By 
varying the magnitude and sense of the forces in the links, any 
combination of shear and tension or compression could be generated. 
The test panels were 890 x 890 mm square with the thickness of 70 
mm and were reinforced with two layers of welded wire mesh which 
covered a wide range of orthogonal reinforcement percentages. The 
wires of the mesh with one direction being identified as "longitudinal" 
and the other direction as "transverse" were always parallel to the 
sides of the panel. The plan view of reinforcing steel and loading 
directions are shown in Fig. 5.17. 
5.6.2 Finite Element Idealization 
The finite element idealization for the test specimen IS shown In 
Fig. 5.18 where a single nine node Lagrangian element is used to 
model the reinforced concrete panel. Table 5.1 contains a list of the 
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analyzed panels with their loading arrangement, while details of 
concrete properties and steel information are given in Table 5.2. 
During the first try, the reduced integration (2 x 2) rule was used for 
the nine node Lagrangian element. However, similar to the cases in 
chapter three severe inplane zero energy modes were encountered 
and the solution blew up. Therefore, in the second try the 3 x 3 
integration rule is employed to suppress any zero energy modes and 
satisfactory results were obtained. As a result, the full integration rule 
is implemented in this series of numerical simulations. 
5.6.3 Panels PVll, PV19 and PV22 
The failure mechanisms for most of the panels analyzed in this 
study fell into three major categories, namely, (1) steel yielding in 
both directions (SY), (2) concrete failure after yielding of the 
transverse steel but prior to yielding of the longitudinal steel (CL), and 
(3) concrete failure prior to yielding of the transverse steel (CT) which 
means that no steel yields. In order to carefully examine the proposed 
cracking models, three panels PVI1, PVI9 and PV22 which cover the 
three failure modes mentioned above and which are subjected to pure 
shear loading are selected to run the numerical simulations. 
5.6.3.1 Stress Degrading Effect Parallel to the Crack Direction 
The numerical results of panels PV11, PVI9 and PV22 obtained 
by using the rotating crack model are plotted in Figs. 5.19, 5.20 and 
5.21. In these cases the shear retention factor Jl is taken as 0.25 and 
for the sake of simplicity, the tension stiffening effect has not been 
considered. 
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For panel PVll the failure mode is SY. In Fig. 5.19, both 
calculated solutions of including and excluding the stress degrading 
effect predict the ultimate load and failure mechanism accurately. 
Because the level of tensile strain normal to the crack is relatively 
small compared with Eo' it does not cause severe damage to the 
concrete in the direction parallel to the crack and therefore the stress 
degrading effect is not prominent in this specimen. As a result, the 
degraded maximum compressive strength, fcmax in Eq. (5.5), is very 
close to the original concrete cylinder strength f~ and the computed 
stress-strain curves for both solutions are almost the same. 
For Panel PV19 the failure mode is CL. In Fig. 5.20, the curve 
including the stress degrading effect predicts the failure mechanism 
correctly. Although the ultimate load is a little underestimated, it is 
still reasonable because the tension stiffening stress has not been 
taken into account. Another curve which excludes the stress degrading 
effect not only overestimates the ultimate load but also predicts the 
wrong failure mode, SY. The discrepancy between these two solutions 
shows the importance of the stress degrading effect. 
For Panel PV22 the failure mode is CT. Similar to panel PV19 the 
curve including the stress degrading effect predicts the failure 
mechanism correctly and the ultimate load is a little underestimated 
(Fig. 5.21). On the other hand, the curve which excludes the stress 
degrading effect not only excessively overestimates the ultimate load 
but predicts the wrong failure mode SY also. 
In order to demonstrate that the stress degrading effect is 
independent on the crack models, the numerical simulations for these 
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three panels are run again while using the fixed crack model and the 
results are plotted in Figs. 5.22, 5.23 and 5.24. It can be seen that the 
predicted panel responses are similar to those calculated by rotating 
crack model. Therefore, it can be concluded that for panels failing in 
the SY mode and the level of tensile strain normal to the crack being 
relatively small compared with Eo' the inclusion of the stress 
degrading effect is not crucial. On the other hand if the level of tensile 
strain normal to the crack is relatively large compared with Eo' the 
inclusion of the stress degrading effect is important. For panels that 
fail in the CL or CT modes the inclusion of the stress degrading effect 
is definitely necessary. 
5.6.3.2 Rotating Crack Model versus Fixed Crack Model 
By comparing Figs. 5.19, 5.20 and 5.21 with Figs. 5.22, 5.23 and 
5.24, we can see how well the rotating crack model and the fixed 
crack model perform. For panels PVll and PV22, the difference 
between the reinforcement ratio in the two orthogonal directions are 
not very large and the predicted stress-strain curves for these two 
crack models are very close. However; while in the fixed crack model 
the crack angles is fixed at 45 degrees through out the analysis, in the 
rotating crack model the crack angle does gradually shift away from 
45 degrees as indicated by the experimental results and the angle 
between crack and longitudinal steel directions becomes more acute. 
The panel responses and the ultimate loads predicted by the rotating 
crack model are softer and lower than those predictions calculated by 
the fixed crack model. 
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Due to the highly anisotropic reinforcement in the transverse 
and longitudinal directions for panel PV19, it is a good example to 
make the comparison between the two models. In Fig. 5.23, we can 
see that even though a tension stiffening stress is not added, the panel 
response predicted while using the fixed crack model already becomes 
far too stiff in comparison with the experimental data and same 
situation carrIes over to a highly overestimated ultimate load. On the 
other hand for rotating crack model, due to the allowance of the 
rotation of the crack, the predicted panel response and ultimate load 
evaluation are more reasonable, much closer to the test data (Fig. 
5.20). With the help of a tension stiffening stress, even more 
satisfactory results are obtained (next section). 
As a conclusion, for isotropically or slightly anisotropically 
reinforced concrete elements in which the crack direction does not 
change or the change of crack direction is small the performances of 
tl-ese two crack models are about the same. However; for highly 
anisotropic ally reinforced concrete elements where the change of 
crack direction can be expected to be large the use of the fixed crack 
model results In a very stiff response and highly overestimates the 
ultimate load. In cases such as these the use of the rotating crack 
model is necessary. 
5.6.3.3 Effect of Tension Stiffening 
From the previous sections, it has been demonstrated that the 
rotating crack model is superior to the fixed model and that the 
inclusion of the stress degrading effect parallel to the crack direction 
are important. In this section, the tension stiffening phenomenon is 
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studied. For the numerical simulations, the rotating crack model 
together with the stress degrading effect are used. The shear retention 
factor J.l is taken as 0.25. 
Figs. 5.25, 5.26 and 5.27 show the predicted response for panels 
PVll, PV19 and PV22 with tension stiffening stress applied either on 
concrete (Bhide, 1986) or on steel (Gilbert and Warner, 1987). In 
general good agreement IS obtained by applying the tension stiffening 
stress to the concrete. On the other hand, the solutions calculated by 
using the alternative approach which applies the tension stiffening 
stress to the steel are usually bad. One reason causing this discrepancy 
is that the tension stiffening stress is always oriented in the directions 
parallel to steel which translates into the condition that the tension 
stiffening stress which should also rotate with the crack is ignored. 
Another reason is that the added tension stiffening stress decreases so 
fast that during the final loading stage there is no tensile stress to be 
lumped at the steel level. Consequently no tension stiffening effect 
exists at all. 
By comparing these figures with Figs. 5.19, 5.20 and 5.21, we 
can see that if the panel fails in the SY mode (PV 11), the added 
tension stiffening stress only stiffens the panel response after the 
initiation of cracks. Owing to the upper bound limit set by Eq. (5.4), 
the tension stiffening stress of concrete is automatically reduced to 
zero after steel in both directions yields. Therefore, the predicted 
ultimate load is not affected. 
For the panels which fail in the CL mode (PVI9) or the CT mode 
(PV22), there is reinforcing steel at least. in one direction which is not 
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yielded and concrete therefore is still capable of carrying some tensile 
stress up to failure. Under this condition, the inclusion of tension 
stiffening effects not only improves the panel behavior after cracking 
takes place but also increases the calculated ultimated loads. 
5.6.3.4 Shear Retention Factor 
In section 5.4.5 various models for the shear retention factor 
have been reviewed and the conclusion is that very sophisticated 
assumptions concerning the reduced shear stiffness are not justifiable. 
In this section, the influence of the shear retention factor to the 
cracked reinforced concrete panels is studied. For the numerical 
calculations the rotating crack model, the stress degrading effect 
together with the tension stiffening stress applied on concrete are 
used. The only variable in the analyses is the shear retention factor J.l. 
Figs. 5.28, 5.29 and 5.30 show the predicted response for panel 
PV 11, PV 19 and PV22 with J.l equal to the constants values of 0.25 
and 0.5 respecti vely. Generally, no matter which modes these panels 
fail in, the stress-strain curves computed by using different values of 
J.l are almost exactly the same. The only difference is that when J.l is 
equal to 0.25. it takes fewer iterations to get convergent solutions 
than that computed by USIng J.l equal to 0.5. Consequently, the 
computer time required In the former case is also less than that 
needed In the latter case. 
5.6.3.5 Influence of Concrete Tensile Strength 
Up to now the equation, f~ = 0.33~ (MPa), has been used to 
determine the tensile strength of concrete in the numerical analyses. 
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In this section, the influence of the concrete tensile strength on the 
ultimate load is studied. 
Figs. 5.31, 5.32 and 5.33 show the numerical results for panel 
PVII, PVI9 and PV22 with f~ equal to o.3311c (MPa) and o.4511c 
(MPa) respectively. Generally the solutions based on f~ equal to 
0.33~ (MPa) are in good agreement with experimental data. For the 
panel failing in the SY mode (PVll), increasing the value of f~ results 
In a stiffening of the panel response but owing to the upper bound 
limit set for tension stiffening stress, i.e. Eq. (5.4), the ultimate load is 
not increased. For the other panels which fail in the CL mode (PVI9) 
or the CT mode (PV22), increasing the value' of f~ does result In a 
stiffening of panel response as well as an increase in the ultimate load. 
5.6.3.6 Proposed Material Model 
As a result of the numerical analyses of panel PVll, PV19 and 
PV22, the most promising material model for the cracked reinforced 
concrete is the rotating crack model together with the tension 
stiffening stress applied on concrete and the inclusion of stress 
degrading effect parallel to the crack direction. The use of a constant 
value for a shear retention factor J.l and taking the concrete tensile 
strength f~ equal to 0.3311c (MPa) are found to be adequate. 
5.6.4 The Rest of the Panels 
Finally the proposed material model concluded in section 5.6.3.6, 
are used in the analyses of the remaining panels. Among them, panel 
PVlO, PV12 and PV20 fail in the CL mode, panel PV27 and PV28 fail 
in the CT mode, panel PVI6 fails in the SY mode and panel PVI7 fails 
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In the CC mode (concrete compression failure). The loading 
arrangements and material properties for these specimens are listed 
In Tables 5.1 and 5.2 respectively. 
Comparisons of the experimental response and the numerical 
results are shown in Figs. 5.34 to 5.40 while further details are gIven 
in Table 5.3. In general the numerically predicted ultimate loads and 
the failure modes are in good agreement with the experimental data. 
The crack orientations at the final loading stage are also very 
consistent with the experimental data. For the curves which exclude 
the tension stiffening stress, the predicted panel responses are always 
softer than those curves including the tension stiffening stress. 
Similarly; the predicted ultimate loads In the former cases are also 
less than or equal to those in the latter cases. Therefore; the 
predictions which ignore the tension stiffening effect can be treated as 
low bound solutions. However; due to the complete loss of the concrete 
tensile stress after the initiation of crack, these solutions generally are 
not as stable as those solutions which take account of the concrete 
tension stiffening stress and consequently the use of the no tension 
stiffening stress model needs more iterations and computer time to 
get convergent solution. 
5.7 Summary 
When a reinforced concrete member is subjected to loading, the 
steel reinforcing bar has a tendency to slip thiough the sUirounding 
concrete. This slip is resisted by a combination of adhesion, friction 
and the mechanical interlock of the protrudent bar ribs with the 
surrounding concrete. While various mathematical formulations have 
102 
been proposed for modelling the bond stress slip behavior, in many 
analyses bond slip and bond stress degradation are only of secondary 
importance and may not affect overall structure behavior 
significantly, especially for monotonic loading cases. Therefore; in this 
investigation the bond between steel and concrete is assumed to be 
perfect and through the tension stiffening concept, the stresses In 
steel and cracked concrete are calculated in an averaging approach. 
In finite element analyses of reinforced concrete members, two 
different approaches have been employed to model concrete cracking: 
the discrete and the smeared crack representations. In the discrete 
crack system, a crack is modeled by disconnecting or separating 
adjacent elements on each side of a node using additional nodes. This 
procedure therefore actually produces the crack by a physical 
separation into two sides across a crack. However, difficulties 
encountered in the redefining of the finite element topology and in 
the lack of generality in possible cracking directions have restricted 
the use of discrete crack model. In the smeared crack system cracked 
concrete is assumed to remain a continuum. A crack is not discrete but 
implies an infinite number of parallel fissures across that part of the 
finite element. After cracking has occurred, the elastic coefficients In 
the material constitutive matrix are changed as concrete becomes an 
orthotropic material. This approach has been widely used and with 
apparent success for a variety of structures. This model is adopted in 
this investigation. 
In most conventionally used constitutive modelling of cracked 
reinforced concrete, crack directions are assumed fixed once they 
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form and while they remain open. This concept is termed the "fixed 
crack model" . However; In anisotropically reinforced concrete 
elements which have different amounts of reinforcement in two 
orthogonal directions, the internal resisting forces do not remain 
proportional upon cracking. For isotropically reinforced concrete 
elements if the steel in one direction yields first, the proportionality of 
internal resisting forces is also lost. In such cases the principal stress 
and strain directions do not remaIn fixed anymore with the 
consequence that the crack directions start to shift. The change in the 
crack direction and the consequential change in direction of the 
maximum stiffness was clearly observed in the experiments of 
Vecchio and Collins (1982). The traditional fixed crack model can not 
handle this crack rotation effect and the need for a rotating crack 
model which assumes that after initial cracking takes place, the crack 
direction is always perpendicular to the direction of the major 
principal strain axis during the course of loading is quite obvious. 
For cracked reinforced 
drops to zero at cracks so at that section the full load is applied to the 
reinforcing steel. However; between cracks the load is shared by steel 
and concrete. The ability of intact concrete between adjacent cracks to 
carry tensile stresses is termed "tension stiffening" and it causes the 
average stress over a cracked region to be not zero. Various methods 
have been proposed to formulate the tension stiffening stress and the 
two most important models are (1) applying tension stiffening stress 
on concrete suggested by Bhide (1986) which takes the relative angle 
between the crack and the steel reinforcing bar into account, and (2) 
increasing the tension steel stiffness and orienting the tension 
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stiffening stress in the same direction as steel, which is suggested by 
Gilbert and Warner, (1978). 
After cracking takes place, the concrete parallel to the crack 
direction is still able to resist tensile and compressive forces. When it 
is subjected to compression, experimental results (Vecchio and Collins, 
1982; Maekawa and Okamura, 1983) show that the tensile cracks 
have caused damage to concrete with the transverse tensile strain 
having a degrading effect not only on the compressive strength but 
also on the compressive stiffness. Therefore, the concrete in this 
situation is softer and weaker than that in a standard cylinder test. 
Several formulas have been proposed to determine the degraded 
maXImum compressIve strength for concrete parallel to the crack 
direction. The experimentally determined relationship of Vecchio and 
Collins (1986) is used in this study. 
After cracking takes place, the cracked reinforced concrete can 
still transfer shear forces through aggregate interlock or shear friction 
and dowel action. In order to take the shear stiffness of cracked 
concrete into account in the smeared crack model, a reduced shear 
modulus IJ.G c (with 0 < IJ. S; 1) is retained instead of being taken as 
zero. The use of a reduced shear modulus not only improves the 
realism of the cracking representation during the finite element 
analysis but also removes most of the numerical difficulties caused by 
the singularity of the composite material constitutive matrix. Although 
it seems more realistic to use a reduced shear modulus which depends 
on some measure of the crack width, numerous investigations (Lin 
and Scordelis, 1975; ASCE, 1982) have demonstrated that the 
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particular value chosen for ~ (between 0 and 1) does not appear to be 
critical but values greater than zero are necessary to prevent 
numerical instabilities. With regard to these discussions very 
sophisticated assumptions concerning the reduced shear stiffness are 
no more precIse than a simple constant assumption. Consequently, 
constant values of ~ are used in this investigation. 
In this chapter the constitutive equations for both fixed crack 
model and rotating crack model are developed. The tension stiffening 
phenomenon, the stress degrading effect parallel to crack direction 
and shear retention factor are all included. These material models are 
tested against the experimental data of Vecchio and Collins, (1982). 
Several conclusions are obtained as follow: 
1. No matter which failure mechanism controls the failure of 
reinforced concrete panels, the inclusion of the stress 
degrading effect parallel to the crack direction is crucial. 
This conclusion is obtained no matter whether the fixed 
crack model or the rotating crack model is used. 
2. For isotropically or slightly anisotropically reinforced 
concrete elements in which the crack direction does not 
change or the change of crack direction is small, the 
performances of fixed crack model and rotating crack model 
are about the same. 
3. For highly anisotropically reinforced concrete elements 
where the change of crack direction that develops during 
the course of loading is large, the use of the fixed crack 
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model results in a significantly overly stiff response and a 
highly overestimated ultimate load. In such cases the use of 
the rotating crack model is essential. 
4. Generally, good agreement is obtained by applying the 
tension stiffening stress through the concrete. However, for 
the panels, solutions calculated by applying the tension 
stiffening stress on steel are usually bad. 
5. For reinforced concrete panels fail with the yielding of steel 
in both orthogonal directions, the added tension stiffening 
stresses only stiffen the panel response after the initiation 
of cracks. Owing to the upper bound limit set by Eq. (5.4), 
the tension stiffening stress of concrete is automatically 
reduced to zero after steel in both directions yields. 
Therefore, the predicted ultimate loads are not affected. 
Same results are also obtained in increasing the concrete 
I 
tensile strength ft. 
6. For reinforced concrete panels which involves concrete 
failure with no steel yielding or only steel in one direction 
yielding, the inclusion of the tension stiffening effect and 
the increase of the concrete tensile strength f~ not only 
stiffen the panel behavior after cracking takes place but 
also increase the calculated ultimated loads as well. 
7 . The predicted ultimate loads for the solutions excluding the 
tension stiffening stress are always less than or at most 
equal to those solutions including the tension stiffening 
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stress. Therefore; the predictions which ignore tension 
stiffening effects can be treated as lower bound solutions. 
However; due to the complete loss of concrete tensile stress 
after the initiation of crack, these solutions generally are not 
as stable as those solutions which take account of a tension 
stiffening stress. Consequently the use of a no tension 
stiffening stress model needs more iteratiol1s and computer 
time to get a convergent solution. 
8. The solutions computed by using different constant values 
of the shear retention factor J..L are almost exactly the same 
no matter which failure mechanism controls the failure of 
reinforced concrete panels. The only difference is that when 
J..L has a small value, it takes fewer iterations and 
consequently less computer time to reach a convergent 
sol ution than for those cases computed by using a large 
value of ~. 
9. As a result of the comparisons between the numerical 
analyses and the experimental data, the most promising 
material model for the cracked reinforced concrete is the 
rotating crack model together with the tension stiffening 
stress applied on concrete and the inclusion of stress 
degrading effect parallel to crack direction. The use of a 
constant value for shear retention factor J..L and taking 
concrete tensile strength f~ equal to O.33~ (MPa) are 
found to be adequate. 
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CHAPTER 6 
LAYERING APPROACH AND MORE NUMERICAL EXAMPLES 
6.1 Introduction 
In chapters three, four and five, the constitutive equations of 
plain concrete, reinforcing steel and cracked reinforced concrete are 
developed. The proposed plain concrete model and cracked reinforced 
concrete model have been tested against some experimental works 
and the consequence of these comparisons show good correlation 
between the experimental and comparable computed quantities. 
These proposed material models can be further extended to 
model flexural behavior or combined inplane membrane-out of plane 
flexural behavior by adopting the layered approach described in 
chapter two. In this approach the concrete is divided up into a 
number of layers through the thickness and each layer is assurned to 
be in a state of plane stress. The proposed material models are then 
applied to each layer individually. In order to demonstrate the 
capability and generality of the proposed material models in flexural 
as well as inplane membrane-out of plane flexural applications, an 
additional series of numerical examples are presented in this chapter. 
The first set of selected examples includes nine isotropically and 
anisotropically reinforced concrete slabs subjected to uniaxial 
moment, pure torsion and combined bending and torsion separately, 
which were tested by Cardenas and Sozen (1968). Due to the uniform 
flexural force fields, the finite element analyses needed to involve 
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only one single element and this makes the repeated studies of the 
layered approach economically. 
The rest examples which involve more general structures are 
presented In a logical sequence by increasing the geometric 
complexity. They are one beam tested by Bresler and Scordelis (1963), 
two slabs tested by Duddeck, Griebenow and Schaper (1978) and a 
shell tested by Harris and White (1967). 
6.2 Slabs in Uniform Flexural Force Fields 
6.2.1 Introduction 
To evaluate the ability of the proposed material models in 
modelling the flexural behavior of structures, the best starting point is 
to test them against structures that are subjected to uniform flexural 
forces. For this purpose, the experimental work of Cardenas and Sozen 
(1968) is chosen as the source against which make the comparisons. 
In their tests both circular and rectangular specimens were involved 
but In this investigation, only the rectangular specimens are studied. 
The dimensions of the rectangular reinforced concrete test slabs are 
shown in Fig. 6.1 (a). Details of slab's cross section are plotted in Fig. 
6.1 (b). In this set of examples, nine specimens with varying 
orientations of reinforcement and varyIng steel percentages are 
studied. Among them slabs B 7, B 11, B 12 are subjected to uniaxial 
moment, slabs B 15, B 16, B 17 are subjected to pure torsion and slabs 
B27, B28, B33 are subjected to combined bending and torsion. The 
loading patterns for these three groups of specimens are shown in Fig. 
6.2. 
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6.2.2 Finite Element Idealization 
The finite element idealization used to model the test specimens 
is shown in Fig. 6.3. Due to the uniform flexural force fields, only a 
single nine node Lagrangian shell element is used to model these 
reinforced concrete slabs. The details of concrete properties and steel 
information are listed in Table 6.1. In the analyses of these slabs, the 
reduced integration (2 x 2) rule is employed because the boundary 
conditions specified In the finite element idealization are sufficient in 
eliminating the spurious zero energy modes. 
6.2.3 Influence of Concrete Layer Numbers 
In the layered approach, one of the more important decisions to 
be made is to determine the adopted number of concrete layers which 
represents the cross section of the structures. In this section, the 
influence, the number of concrete layers on the slab behavior, is 
studied. 
Slabs B7, B15 and B27 are selected from each loading group to 
run the first numerical simulations. The concrete cross section is 
modelled with 4, 6, 8 and 10 layers respectively. The results of the 
numerical predictions are plotted in Fig. 6.4, 6.5 and 6.6. Theoretically, 
if more layers are used, the nonlinear behavior of the concrete is more 
accurately represented. However, the curves In these figures show 
that only small differences can be noted between the deflections 
obtained for the different numbers of layers except for the case of 
using only 4 concrete layers. The calculations obtained by using 6, 8 or 
10 layers are about the same. Comparisons of the solution time in all 
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the cases are illustrated in Fig. 6.7. It shows that the required 
computer time is not proportion to the numbers of layers employed 
and generally the costs of using 4, 6, 8 or 10 concrete layers are 
pretty close. As a conclusion, the results and costs of analyses are not 
sensitive to the number of concrete layers. A total of 10 layers is 
sufficient to carry out the analysis and that number is used in these 
and all the following numerical examples. 
6.2.4 Comparison with Experimental Results 
The proposed reinforced concrete material models together with 
the layering approach of using 10 concrete layers to simulate the 
concrete cross section are used to analyze the nine slabs which are 
subjected to three different loading conditions. 
The comparisons of the predicted and the experimental results 
of these from 
Figs. 6.8 to 6.16 and are summarized in Table 6.2. It is seen from 
these figures that the proposed reinforced concrete material model IS 
satisfactory in modelling the behavior of these specimens, not only In 
the elastic stage but also in the cracking and the plastic stages. 
Generally, the calculated yield moments and the ultimate moment as 
well as the predicted yieid Hne orientation are in good agreement with 
the experiment results. 
In these figures comparisons are also made with another 
numerical solution which involves dropping the concrete tensile stress 
to zero after the initiation of cracks. It can be seen that without the 
tension stiffening effect this solution predicts softer responses after 
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cracking than takes place for those computed uSIng the proposed 
material model. Because the calculated ultimate moments are always 
less than or equal to the predictions calculated by using the proposed 
material model, this solution can be treated as a low bound solution. 
As a conclusion, the good agreement obtained in this set of 
examples between the numerical predictions and the experimental 
results establishes the validity and accuracy of using the proposed 
reinforced concrete material model in modelling structural flexural 
behavior. 
6.3 Simply Supported Beam 
6.3.1 Introduction 
In order to apply the proposed material model to more 
complicated structures, a rectangular beam OA3 tested by Bresler and 
Scordelis (1963) is studied in this section. This beam is simply 
supported at its ends and is subjected to a concentrated load at its 
midspan. The main longitudinal reinforcement consisted of six #9 high 
strength steel bars placed near the bottom of the beam. No shear 
reinforcing steel is provided. The dimensions and cross section details 
of the specimen are shown in Fig. 6.17. 
6.3.2 Finite Element Idealization 
In this example, because the structure and the loading are both 
symmetric, only a half of the beam is analyzed. The finite element 
idealization as well as the boundary conditions are shown in Fig. 
6.18(a) where 6 nine node Lagrangian shell elements with the 
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proposed material models are used. The input material properties are 
shown in Fig. 6.18(b). 
When the numerical calculations are carried out, the use of the 
uniform reduced integration (2 x 2) rule for all the elements failed 
owing to the development of zero energy modes existing in the beam's 
axial direction. Therefore, at the second try the overlaid stabilizing 
element method described In chapter two is employed to eliminate 
any spurious zero energy modes. While this technique performed well 
in the low loading stages, the solution still blew up during the higher 
loading stages in which severe concrete cracking has taken place in 
the beam. Finally for the third try, a full integration (3 x 3) rule is 
used and applied to a select element while the rest elements are still 
integrated using the uniform reduced integration (2 x 2) rule. The 
positions of this fully integrated elements IS shown as shaded area on 
the finite element meshes in Fig. 6.18(a). It is found that this remedy 
is sufficient in suppressing any zero energy modes. Though the low 
energy mode in the beam's axial direction stiil exists at the high 
loading stages, it is not harmful to the numerical computation and 
reasonably good results are obtained. As a consequence, this selected 
full integration element method is used in the numerical analysis of 
beam OA3. 
6.3.3 Comparison with Experimental Results 
The predicted load-midspan deflection curve is compared with 
the test results in Fig. 6.19. Generally, the correlation is good between 
the analytical and experimental curves. Not only the computed failure 
load 93k is very close to the experimental failure load 85k but the 
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predicted failure mechanism which IS the concrete compressIon failure 
near the load point is also in good agreement with the test result. 
6.4 Corner Supported Slabs 
6.4.1 Introduction 
In this example, 2 corner supported slabs, S 11 and S31, tested 
by Duddeck, Griebenow and Schaper (1978) are studied. Though slab 
S 11 is isotropically reinforced and slab S31 is anisotropically 
reinforced in x and y directions respectively, the total amount of steel 
reinforcement is equal for these two specimens. Both slabs are 
su bjected to concentrated loadings applied at the center of the slabs 
and both of them have well defined boundary conditions in which 
only the transverse deflections at the corner supports are restrained. 
Because of the scarce information given by the reference, details 
of these slabs have been taken from Abdel Rahman (1982) and 
Milford and Schnobrich (1984). The dimensions and cross section 
details of the specimens are shown in Figs. 6.20(a) and 6.20(b) while 
the input material properties are given in Fig. 6.20(c). 
6.4.2 Finite Element Idealization 
In this example, due to the symmetry of the structure and the 
loading, only a quarter of the slab is analyzed. The finite element 
idealization as well as the boundary conditions are shown in Fig. 6.21 
where 9 nine node Lagrangian shell elements with the proposed 
material models are used. 
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In order to suppress the spurious zero energy modes existing in 
the x and y directions, a full integration (3 x 3) rule is employed and 
applied to two select elements while the rest elements are still 
integrated by the uniform reduced integration (2 x 2) rule. The 
positions of these fully integrated elements are shown as shaded areas 
on the finite element meshes in Fig. 6.21. 
6.4.3 Comparison with Experimental Results 
The calculated load-central deflection curves for specimens S 11 
and S31 are compared with the test results in Figs 6.22 and 6.23. 
Crack patterns for these two slabs and status of yield conditions in the 
reinforcement at the numerical integration points for the last load 
step are given in Figs. 6.24 and 6.25. The predicted failure load and 
the computation time used for each simulation are listed in Tables 6.3 
and 6.4 respectively. 
Generally, the curves predicted while USIng the tension 
stiffening formulation are in good agreement with the experimental 
curves. On the other hand, the curves predicted by using the no 
tension stiffening formulation show large discrepancies with the 
experimental results after cracking has taken place. This again 
demonstrates the importance of the inclusion of the tension stiffening 
formulation in the concrete cracking model. Furthermore; the use a of 
tension stiffening formulation makes the solutions more stable after 
the initiation of cracks and consequently it results in less calculation 
time. Nevertheless; whether the tension stiffening stress is added or 
not, both formulations predict the failure mechanism, which is the 
bottom steel yielding near the load point, for both slabs correctly. 
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6.5 Diaphragm Supported Cylindrical Shell 
6.5.1 Introduction 
A series of fourteen cylindrical shells with edge beams have 
been tested by Harris and White (1967). These shells were 
constructed of reinforced mortar and each of them has rigid end 
diaphragms which are simply supported at the four corners. One of 
these cylindrical shells, shell LC 1, is studied. This shell is subjected to 
gravity load applied to 72 points on the shell surface through an 
articulated system which reduces to a single force applied with a jack. 
The shell surface is therefore drilled 72 holes to allow the tension load 
cell (<I> = 1/2") to pass through. In this investigation, these holes are 
not considered, the entire shell surface is assumed to remain solid. 
Dimensions of shell LC 1 are given in Fig. 6.24 and the reinforcing 
details are shown in Fig. 6.25. A commercial woven steel mesh with 
0.017 inches diameter wires at 1/8 inches spacing in both directions 
was used for the shell. This mesh was further carried into the edge 
beam and acted as the tensile and shear reinforcement. Additional 
tensile reinforcing steel was provided by adding two 0.1205 inches 
diameter wires at the bottom of each edge beam. The material 
properties used are shown in Fig. 6.26. 
6.5.2 Finite Element Idealization 
Due to the symmetry of the structure and the loading, only a 
quarter of the shell is analyzed. The finite element idealization and 
the boundary conditions are shown in Fig. 6.26 where 20 nine node 
Lagrangian shell elements with proposed material models are used. In 
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order to model the additional tensile reinforcing steel in the edge 
beams, extra 8 truss elements with elastic perfectly plastic material 
property are used and placed at the bottom of the edge beam. 
From an elastic analysis of this type of shell structure, no zero 
energy modes were discovered while using the uniform reduced (2 x 
2) integration rule (Briassoulis, 1987). However; due to the formation 
and propagation of cracks, some zero energy modes developed during 
the present nonlinear analysis and the solution blew up as the 
ultimate loading stage was approached. The application of full 
integration on selected elements or the employment of fully 
integrated stabilizing elements can suppress the zero energy modes, 
but for the shell structures these remedies result in a severe side 
effect, that is the membrane locking problem (chapter two). The other 
alternative is the use of reduced integration on overlaid stabilizing 
elements. In doing so, the possibility of employing the nine node 
Lagrangian shell element as the stabilizing element IS ruled out 
because they generate the same ill modes as before and a better 
choice is to use the eight node Serendipity shell element because they 
have less zero energy modes. In this investigation, every nonlinear 
nine node element is overlaid with a elastic eight node element whose 
modulus of elasticity is of 10- 3 times that used for the nonlinear 
element. It is found that this method is sufficient to suppress the zero 
energy modes and satisfactory results are obtained. 
6.5.3 Comparison with Experimental Results 
The deflections at the midspan of the edge beam and the crown 
are plotted against the total load applied to the shell surface in Fig. 
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6.30. The predicted crack pattern for the shell and status of yield 
conditions in the reinforcement at the integration points for the last 
load step are shown in Fig. 6.31. 
In general, the correlation IS good between the analytical and 
experimental curves. The only discrepancy is that the predicted crown 
behavior is stiffer than that observed in the experimental work. This 
is because the effect of the drilled holes on the shell surface is not 
considered in the numerical analysis. The predicted failure load 1.55k 
IS In good agreement with the experimental ultimate load 1.45k. The 
error is only about 6%. Furthermore, the predicated failure mechanism 
which is the yielding of the reinforcement in the shell as well as in the 
edge beams is also very consistent with the experimental result. 
6.6 Summary 
In previous chapters, the constitutive equations of plain 
concrete, reinforcing steel and cracked reinforced concrete are 
developed and have been tested against experimental work. In this 
chapter, these proposed material models are further extended to 
model flexural behavior or combined inplane membrane-out of plane 
flexural behavior by adopting the layering approach (chapter two). In 
this approach the concrete is divided into a number of layers through 
the thickness and each layer is assumed to be in a state of plane 
stress. The proposed material models are then applied to each layer 
individually. 
In order to demonstrate the capability and generality of the 
proposed material models in flexural as well as inplane-flexural 
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applications, a series of numerical shuulations are presented. These 
examples include nine reinforced concrete slabs subjected to uniaxial 
moment, pure torsion and combined bending and torsion separately, 
which were tested by Cardenas and Sozen (1968); a simply supported 
beam subjected to concentrated loading applied at the midspan of 
beam, which was tested by Bresler and Scordelis (1963); two corner 
supported slabs subjected to concentrated loading applied at the 
center of slabs, which were tested by Duddeck, Griebenow and 
Schaper (1978); and finally a diaphragm supported shell subjected to 
gravity loading applied at the shell surface, which was tested by 
Harris and White (1967). 
In the analyses, the numerically predicted behavior, the 
ultimate loads and the failure mechanisms are all in good agreement 
with available experimental data. Generally, the proposed reinforced 
concrete material models are satisfactory in modelling the behavior of 
these specimens, not only in the elastic stage but also in the plastic 
and the cracking stages. As a result of the numerical simulations, 
several conclusions are obtained as follows: 
1 . The predicted results and the costs of an analysis are not 
sensitive to the number of concrete layers employed. It IS 
found that the use of 10 concrete layers is sufficient to 
carry out the numerical simulations. 
2. It is demonstrated again that the inclusion of the tension 
stiffening formulation in the concrete cracking model is 
important. Furthermore; the use of a tension stiffening 
formulation makes the solutions more stable after the 
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initiation of cracks and consequently it results In less 
computation time. 
3. The good agreement obtained in these examples between 
the numerical predictions and the experimental results 
establish the validity and accuracy of using the proposed 
reinforced concrete material models in modelling the 
structure's extensional and flexural behavior. 
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CHAPTER 7 
SUMMARY AND CONCLUSIONS 
A layered material model suitable for analyzing plane stress 
state reinforced concrete under short term monotonic loading is 
developed. While various aspects of nonlinear behavior of reinforced 
concrete have been included in this material model, the effect of 
temperature, the influence of creep and shrinkage on concrete and the 
effect of cyclic loading are not considered. 
For plain concrete, an elastic strain hardening plastic model is 
developed in chapter three. In this model, an isotropic hardening rule 
is used to define the motion of subsequent yield surfaces during 
plastic loading. Based on the failure criterion suggested by Mikkola 
and Schnobrich (1970), modified yield functions are proposed in 
biaxial tension, combined tension-compression and biaxial 
compression stress regions separately. In the biaxial tension area, due 
to the linear behavior up to failure, it is sufficient to assume that the 
initial yield surface coincides with the failure surface. In order to 
determine the direction of the incremental plastic strains for plastic 
concrete, two flow rules are used in this model, namely an associated 
flow rule and a nonassociated flow rule. When hardening occurs, 
based on the uniaxial stress-strain relationship suggested by Saenz 
(1964), a more general equivalent uniaxial stress-strain curve is 
proposed so that for different stress paths the corresponding 
equivalent uniaxial stress-strain curves are different. In the last part 
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of that chapter, the constitutive equations for the elastic strain 
hardening plastic model are derived and some numerical correction 
methods for incremental plasticity are also discussed. Finally this 
proposed model is tested against the experimental data of Kupfer, 
Hilsdorf and Rush (1969). 
Reinforcing steel is treated as an equivalent uniaxial material 
which is smeared through the concrete (individual bars are not 
modeled). The stress-strain behavior of the reinforcing steel is 
modeled as an idealized bilinear curve, identical in tension and 
compression. Dowel action of steel is neglected and perfect bond is 
assumed between concrete and steel even through the cracked state. 
For cracked reinforced concrete, the smeared crack approach is 
adopted. Two types of crack models are formulated and they are the 
fixed cracked model (Hand, Pecknold and Schnobrich, 1972; Abdel 
Rahman, 1982) in which the direction of the crack is fixed once it has 
formed and the rotating crack model (Gupta and Akbar, 1983; Milford 
and Schnobrich, 1984) in which it is assumed that the direction of the 
crack is always normal to the current principal strain direction. Two 
forms of tension stiffening are employed in the crack models, namely 
tension stiffening either applied to the concrete (Bhide, 1986) or 
lumped to the steel reinforcement (Gilbert and Warner, 1978). The 
stress degrading effect on concrete parallel to the crack direction is 
also included after the initiation of any cracking. Furthermore; a shear 
retention factor is used to provide the shear stiffness for cracked 
concrete. This stiffness can physically be attributed to aggregate 
interlock and dowel action. In chapter five, the constitutive equations 
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for cracked reinforced concrete are developed and comparisons 
between the numerical predictions and experimental data of Vecchio 
and Collins (1982) are presented. 
A layering concept to simulate reinforced concrete section IS 
adopted in this study. In this approach the concrete is divided up into 
a number of layers through the thickness and each layer is assumed 
to be in a state of plane stress. The proposed material models for plain 
concrete, reinforcing steel and cracked reinforced concrete are then 
applied to each layer individually. It allows the material properties to 
vary through the element depth and thus permits the extension of 
using the proposed material models to model flexural behavior or 
combined inplane-flexural behavior of reinforced concrete structures. 
In order to demonstrate this layering approach, a series of examples 
which include beam, slab and shell structures are presented in 
chapter six. 
7.2 Conclusions 
The conclusions regarding the elastic strain hardening plastic 
model for plain concrete are: 
1. The proposed linear elastic model in biaxial tension region 
works very well and excellent agreement is obtained. 
2. The associated flow rule is too restrictive for concrete. The 
results achieved using such a model are poor specially in 
regions of high compression and low tension. 
are: 
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3. In regions of combined tension-compression and biaxial 
compression, the predictions based on the nonassociated 
flow rule show very good agreement with the test data. 
4. The isotropic hardening formulation together with the 
proposed generalized equivalent uniaxial stress-strain curve 
which takes account of different stress paths are adequate 
in modelling the concrete hardening behavior. 
5. Because of the use of a nonassociated flow rule, the 
structure's stiffness matrix IS unsymmetric. In attempting to 
symmetrize the material constitutive matrix, it appears that 
the results obtained on the basis of such a symmetrized 
matrix are so poor as to be considered. Therefore, the 
formulation that results in the unsymmetric stiffness matrix 
is retained. 
6. The proposed elastic strain hardening plastic model for 
plain concrete which includes proposed yield functions, 
isotropic hardening formulation, generalized equivalent 
uniaxial stress-strain curve and nonassociated flow rule is 
adequate in describing the plastic behavior of plain 
concrete. 
The conclusions related to the cracked reinforced concrete model 
1. No matter which failure mechanism controls the failure of 
reinforced concrete panels, the inclusion of the stress 
degrading effect parallel to the crack direction is crucial. 
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This conclusion is obtained no matter whether the fixed 
crack model or the rotating crack model is used. 
2. For isotropically or slightly anisotropically reinforced 
concrete elements in which the crack direction does not 
change or the change of crack direction is small, the 
performances of fixed crack model and rotating crack model 
are about the same. 
3. For highly anisotropically reinforced concrete elements 
where the change of crack direction that develops during 
the course of loading is large, the use of the fixed crack 
model results in a significantly overly stiff response and a 
highly overestimated ultimate load. In such cases the use of 
the rotating crack model is essential. 
4. Generally, good agreement is obtained by applying the 
tension stiffening stress through the concrete. However, for 
the panels, solutions calculated by applying the tension 
stiffening stress on steel are usually bad. 
5 . For reinforced concrete panels fail with the yielding of steel 
in both orthogonal directions, the added tension stiffening 
stresses only stiffen the panel response after the initiation 
of cracks. Owing to the upper bound limit set by Eq. (5.4), 
the tension stiffening stress of concrete is automatically 
reduced to zero after steel in both directions yields. 
Therefore, the predicted ultimate loads are not affected. 
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Same results are also obtained in increasing the concrete 
, 
tensile strength ft. 
6. For reinforced concrete panels which involves concrete 
failure with no steel yielding or only steel in one direction 
yielding, the inclusion of the tension stiffening effect and 
, 
the increase of the concrete tensile strength ft not only 
stiffen the panel behavior after cracking takes place but 
also increase the calculated ultimated loads as well. 
7 . The predicted ultimate loads for the solutions excluding the 
tension stiffening stress are always less than or at most 
equal to those solutions including the tension stiffening 
stress. Therefore; the predictions which ignore tension 
stiffening effects can be treated as lower bound solutions. 
However; due to the complete loss of concrete tensile stress 
after the initiation of crack, these solutions generally are not 
as stable as those solutions which take account of a tension 
stiffening stress. Consequently the use of a no tension 
stiffening stress model needs more iterations and computer 
time to get a convergent solution. 
8. The solutions computed by uSIng different constant values 
of the shear retention factor J..L are almost exactly the same 
no matter which failure mechanism controls the failure of 
reinforced concrete panels. The only difference is that when 
J..L has a small value, it takes fewer iterations and 
consequently less computer time to reach a convergent 
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solution than for those cases computed by using a large 
value of IJ.. 
9. As a result of the comparisons between the numerical 
analyses and the experimental data, the most promising 
material model for the cracked reinforced concrete is the 
rotating crack model together with the tension stiffening 
stress applied on concrete and the inclusion of stress 
degrading effect parallel to crack direction. The use of a 
constant value for shear retention factor IJ. and taking 
concrete tensile strength f~ equal to O.33~ (MPa) are 
found to be adequate. 
The following conclusions are concerned with the layering 
approach for reinforced concrete section and the analyses of more 
general reinforced concrete structures: 
1 . The predicted results and the costs of an analysis are not 
sensitive to the number of concrete layers employed. It IS 
found that the use of 10 concrete layers is sufficient to 
carry out the numerical simulations. 
2. It is demonstrated again that the inclusion of the tension 
stiffening formulation in the concrete cracking model is 
important. Furthermore; the use of a tension stiffening 
formulation makes the solutions more stable after the 
initiation of cracks and consequently it results in less 
computation time. 
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3. The good agreement obtained in these examples between 
the numerical predictions and the experimental results 
establish the validity and accuracy of using the proposed 
reinforced concrete material models in modelling the 
structure's extensional and flexural behavior. 
7.3 Recommendations for Further Research 
Some possible extensions to the present investigation and the 
analysis techniques are listed below. 
1. The proposed material models for plain concrete, 
reinforcement and cracked reinforced concrete could be 
extended to include the effect of temperature, the influence 
of creep and shrinkage on concrete and the effect of cyclic 
loading. 
2. The influence of geometric nonlinearity on reinforced 
concrete structures can be investigated by uSIng the 
proposed material model together with a geometric 
nonlinear formulation at the element level. 
3. Dowel action of the reinforcing steel and the bond between 
concrete and reinforcement should be studied. 
4. In the layering approach, the exclusion of the nonlinearities 
associated with the transverse shear stress may need 
further investigation. 
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5. For problems in which complex stress conditions can not be 
approximated as being in the states of plane stress, a three 
dimensional material model should be developed. 
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Table 3.1 Material Properties for Kupfer-Hilsdorf-Rusch Specimens 
(j (j f' f' E Eo U 1 2 c t c 
(psi) (psi) (ksi) 
- 1 - 1 4650 419 4200 0.0022 0.20 
- 1 : -0.52 4650 419 4200 0.0022 0.20 
- 1 0 4650 419 4200 0.0022 0.20 
- 1 : 0.052 4650 419 4200 0.0022 0.19 
- 1 : 0.103 4650 419 4200 0.0022 0.19 
- 1 : 0.204 4650 419 4200 0.0022 0.19 
1 0 4200 378 4550 - 0.18 
1 0.55 4200 378 4550 - 0.18 
1 1 4200 378 4550 0.18 
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Table 5.1 Loading Ratio for Vecchio-Collins Specimens 
Loading 
Panel 
v f fT L 
PVIO 1 0 0 
PVII 1 0 0 
PVI2 1 0 0 
PVI6 1 0 0 
PVI7 0 - 1 0 
PVI9 1 0 . 0 
PV20 1 0 . 0 
PV22 1 0 0 
PV27 1 0 0 
PV28 1 0.32 0.32 
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Table 5.2 Material Properties for Vecchio-Collins Specimens 
Steel 
Panel PL PT 
PV10 0.01785 0.00999 
PV11 0.01785 0.01306 
PV12 0.01785 0.00446 
PV16 0.00740 0.00740 
PVI7 A AA,.., A A A An,.., An U.UU/'fU U.UU/'fU 
PV19 0.01785 0.00713 
PV20 (\ (\1 '7Q, (\ (\(\QQ, v.v.!. I U-' v.vvuu-' 
PV22 0.01785 0.01524 
PV27 0.01785 0.01785 
PV28 0.01785 0.01785 
, Fe f = 0.33 f MPa; 
t c 
E = 200000 MPa; 
s 
u = 0.19 
Concrete 
f f 
, 
E fc YL YT 0 
(MPa) (MPa) (MPa) 
276 276 0.00270 14.5 
235 235 0.00260 15.6 
469 269 0.00250 I 16.0 
255 255 0.00200 21.7 
255 ""~~ n. nn."n.,..., ~ 0 .c LJJ U.UUL.UU 10.0 
458 299 0.00215 19.0 
A~{\ ')0'7 {\ {\{\1 o{\ 10 h 
"TVV 
I 
... ./ I V.VV.LOV ..L/.v 
458 420 0.00200 19.6 
442 442 0.00190 20.5 
483 483 0.00185 19.0 
E = 4730 f(' MPa; 
c "IC 
E = O.OlE ; 
sp s 
Panel 
PVIO 
PVl1 
PVl2 
PVl6 
PVl7 
PVl9 
PV20 
PV22 
PV27 
PV28 
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Table 5.3 Experimental and Numerical Results for 
Vecchio-Collins Specimens 
Experimental Predicted 
Failure v e Failure v 
u u 
Mode (MPa) Mode (MPa) 
CL 3.97 52 CL 3.73 
SY 3.56 50 SY 3.63 
CL 3.13 58 CL 3.03 
SY 2.14 45 Sy 1.95 
CC 21.3 - CC 21.3 
CL 3.96 57 CL 4.06 
CL 4.26 54 CL 4.43 
CT 6.07 45 CT 6.08 
CT 6.35 45 CT 6.33 
CT 5.80 45 CT 5.50 
C L : Concrete failure prior to longitudinal steel yielding 
C T : Concrete failure prior to transverse steel yielding 
CC : Concrete compression failure 
S Y : Steel yielding in both directions 
e 
49 
49 
60 
45 
-
56 
54 
46 
45 
45 
e Average orientation of maximum principal concrete stress and 
strain; measured counterwise from the transverse axis 
Table 6.1 Material Properties for Cardenas-Sozen Specimens 
Thickness Concrete Reinforcement Loads 
Slab ~ [' f PI & P4 P2 & P3 a 1 & a 4 a2 & a 3 Ratio of t c y 
(in) (in) (psi) (ksi) (deg.)* (deg.)* TIM 
B7 4.14 0.14 5150 50.0 0.00790 0.00862 135.0 45.0 0 
B 11 4.12 0.12 4800 50.0 0.00794 0.00433 157.5 67.5 0 
B12 4.12 0.12 5170 47.6 0.00794 0.00433 67.5 157.5 0 I ~ 
~ 
B15 4.09 0.09 5260 47.9 0.00800 0.00873 135.0 45.0 00 ~ 
B16 4.04 0.04 4730 48.3 0.00810 0.00884 90.0 0.0 I 00 
I 
B17 4.03 0.03 5530 50.8 0.00812 0.00886 157.5 67.5 00 I i 
B27 4.06 0.06 5350 45.2 0.00806 0.00879 135.0 45.0 0.45 
I 
i 
B28 4.08 0.08 5620 47.6 0.00802 0.00875 157.5 67.5 0.45 
B33 4.07 0.07 4930 45.9 0.00804 0.00219 0.0 90.0 0.45 
: 
, Fe Fe . 6. e = 0.003; \) = 0.19; f = 4 f psi; E = 57000 f pSt; E = 30 x 10 PSt; E = 0.0 1 E ; 
o t c c c s sp s 
* Measured counter-clockwise from horizontal axis. 
Slab 
B7 
B 11 
B12 
B15 
B16 
B17 
B27 
B28 
B33 
M 
Y 
M 
u 
e 
u 
e 
c 
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Table 6.2 Experimental and Numerical Results for 
Cardenas-Sozen Specimens 
Experimental Predicted 
M M e M M y u u y u 
(k-in/in) (k-in/in) (deg.) (k-in/in) (k-in/in) 
5.60 5.85 90 5.32 5.79 
4.50 5.35 109 4.59 5.01 
2.80 3.82 80 2.94 3.27 
5.20 5.33 135 4.87 5.39 
5.43 5.43 135 4.93 4.93 
5.50 5.88 135 5.31 5.54 
5.00 5.70 111 5.10 5.84 
5.40 5.90 113 5.86 6.17 
4.18 4.60 137 4.12 4.22 
Yield moment 
Ultimate moment 
Yield line orientation 
e 
c 
(deg.) 
90 
107 
84 
135 
135 
127 
109 
110 
135 
Orientation of the normal to principal strain direction In top 
cracked concrete iayer 
(Positive angles are measured counter-clockwise from horizontal 
direction.) 
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Table 6.3 Predicted Ultimate Loads for Slabs 
Predicted 
Slab Experimen tal 
Tension Stiffening No Tension Stiffening 
SII 64.0 64.0 61.7 
S31 34.5 34.5 34.3 
* Unit in KN. 
Table 6.4 Calculation Time Used for Numerical Solutions 
Slab Tension Stiffening No Tension Stiffening 
S 11 5.20 7.41 
S31 4.12 6.97 
* Unit in Hours. 
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Fig. 3.3 Biaxial Strength Envelop of Concrete 
(Kupfer, Hilsdorf and Rusch, 1969) 
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(a) Stepped Response after Cracking 
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Fig. 5.9 Crack In an Unidirectional Reinforced Concrete 
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APPENDIX A 
USER INSTRUCTIONS FOR REINFORCED CONCRETE 
MATERIAL MODEL 
A.I Introduction 
The proposed reinforced concrete model, PLASTIC_RC, has been 
installed in FINITE (Lopez, Dodds, Rehak and Schmidt). It is 
compati hIe with the nine node Lagrangian shell element, QLSHELL 
(Milford and Schnobrich, 1984), for the material nonlinear analysis. 
Due to the nonsymmetric constitutive matrix generated by this 
material model at Gauss integration points, the original symmetric 
QLSHELL elen1ent is slightly modified so that the entire element 
stiffness matrix is stored. This nonsymmetric material model as well 
as the modified QLSHELL element must be executed by the 
nonsymmetric equation solver in FINITE. 
This material model is applicable to situations where the stress 
IS predominan tl y biaxial, such as panel, beam, plate and shell type 
problems. Material response through the element thickness IS 
approximated with a layering approach (chapter two). Because of the 
implicit integration employed by the QLSHELL element, the standard 2 
x 2 or 3 x 3 Gauss quadrature are only processed over the element 
mid-surface and material properties are varied in each layer at each 
Gauss point of an element. The stress resultant constitutive matrix at 
each integration is obtained by integrating the stress contribution of 
all the concrete and steel layers together and adding the transverse 
shear components. It is assumed in this material model th~t the 
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transverse shear does not affect the biaxial behavior of the concrete 
and the uniaxial behavior of the steel. The transverse shear is based 
on the initial modulus of the concrete and does not depend on the 
yielding or cracking of concrete and on the yielding of steel. 
A.2 Concrete 
The constitutive models for plain concrete in elastic and plastic 
states have been discussed in details in chapter three. The required 
input material properties for concrete are given in Table A.I. 
In this model, a maximum of 15 concrete layers through the 
thickness may be specified by using the integer property NL YRC (all 
layers are of equal thickness). The initial tangent modulus for 
concrete, Ec ' is given with the property ECON. The Poisson's ratio U IS 
specified with the property NUCON. The cylinder compressive strength 
f~ is given with the property FCP and the tensile strength f~ is 
specified with the property FTP. The strain at maximum compressive 
stress, to' is denoted EPSO. The stress ratio Ra = a olaf is given with 
the property RSIG and the strain ratio Rc = cf/c* is specified with the 
property REPS. The shear correction factor which counts for the shape 
of the cross section is specified with the property FSHEAR. 
There are two types of formulations can be used for the concrete 
plastici ty. They are the elastic-perfectly plastic model and the elastic 
strain hardening plastic model. The default one IS the elastic-perfectly 
HARDEN. When plastic deformation occurs, two flow rules are 
available to determine the direction of the incremental plastic strains, 
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namely associated flow rule and nonassociated flow rule. The 
nonassociated flow rule is the default option and user may choose the 
associated flow rule by using the key word ASSOCL 
In the numerical refinement of the plastic deformation, the 
number of subincrements, m in Eq. (3.45), is based upon the 
magnitude of the initial deviation, f1 in Eq. (3.33b), from the yield 
surface for the entire strain increment taken elastically. Thus, the 
number of subincrements is given by 
f1 
m--<m 
- COQ. - max (A.I) 
where ro is a fraction of the current yield stress Q:. For small deviations 
only a few subincrements are required. However; a limit on the 
maximum number of increments is necessary to detect instability of 
the procedure because a large number of subincrements may indicate 
overall analysis divergence. There are three material properties that 
control the subincrement procedure. The property OMEGA 
corresponds to co in Eq. (A.I) and has a default value of 0.05. The 
maximum number of increments is given by the properties MAXINC 
and has a default value 30. The number of of increments mentioned 
above which indicates divergent solution IS specified by the property 
DIVERG and it has a default value of 500. If the number of 
subincrements is greater than MAXINC but less than DIVERG, the 
number of increments used is MAXINC. 
During the plastic deformation, loading or unloading of concrete 
stresses can be determined by the dot product (dF/d{cr})Td{cr} (section 
3.4.5). If the dot product is positive or zero, the concrete is plastic 
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loading. If the dot product is negative, the concrete is spuriously or 
elastically unloading. To distinguish between the latter two cases, a 
tolerance test is used. The dot product represents a projection of the 
elastic stress vector onto the yield surface normal and provides a 
measure of the unloading magnitude. If the absolute value of the dot 
product is less than TOL x Q, then spurious unloading IS assumed and 
the concrete is processed as plastic. On other hand, If the absolute 
value of the dot product is greater than or equal to TOL x~, then 
elastic unloading is assumed. In this material model, the default value 
for TOL is 0.05. 
A.3 Reinforcement 
In this model, reinforcement is treated as an equivalent uniaxial 
material which is smeared through the concrete (individual bars are 
not modeled). The stress-strain behavior of the reinforcing steel is 
modeled as an idealized bilinear curve, identical in tension and 
compressIon. The dowel action of steel is neglected and perfect bond is 
assumed between concrete and steel. 
The properties of the reinforcement required for input are gIven 
in Table A.2. Up to five layers of reinforcement can be specified by 
using the NL YRS property. Young's modulus for the reinforcement Es 
is specified with the property EST and the plastic modulus Esp is given 
with the property ESTP. The yield stress fy of the i-th layer is gIven 
by the property FYi. The orientation of reinforcement in the i-th layer, 
PHIi, is defined with respect to the local x -axis of the element at each 
integration point. The normalized distance from the element mid-
surface to the i-th reinforcement layer is specified with the property 
230 
Zi, where Zi = ±l corresponds to the top and bottom surface of the 
shell element. The reinforcement ratio p of the i-th layer is expressed 
as a percentage of the gross section area and is given with the 
property RHOi. 
The quantities Zi and RHOi must be specified for each layer if 
they are uniform over the element, or for each layer at each 
integration point if non-uniform properties are used, i.e. Zij and RHOij. 
For example 
NL YRS 2 Zl -0.9 Z2 -0.8 RHO I 0.6 RH02 0.3, 
PHIlO. PHI2 90. FYI 670. FY2 600. 
specifies an element with two layers of reinforcement with uniform 
NL YRS 2 Zll -0.9 Zl2 -0.9 Zl3 -0.85 Zl4 -0.85, 
Z21 -0.8 Z22 -0.8 Z23 -0.75 Z24 -0.75, 
RHOII 0.6 RHOl2 0.6 RHOl3 0.5 RHOl4 0.5, 
RH021 0.3 RH022 0.3 RH023 0.2 RH024 0.2, 
PHIlO. PHI2 90. FYI 670. FY2 600. 
specifies two layers of reinforcement with non-uniform properties at 
four integration points. 
A.4 Cracked Reinforced Concrete 
Details of the constitutive models for concrete cracking, tension 
stiffening, stress degrading effect on concrete in the direction parallel 
to crack and shear retention factor have been discussed in chapter 
five. The required input material properties as well as their various 
options are given in Table A.3. 
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In this material model, cracking of the concrete can be modeled 
by using either a rotating crack model (Gupta and Akbar, 1983; 
Milford and Schnobrich, 1984) in which it IS assumed that the 
direction of the crack is always normal to the current principal strain 
direction, or a fixed crack model (Hand, Pecknold and Schnobrich, 
1972; Abdel Rahman, 1982) in which the direction of the crack is 
fixed once it has formed. The default option is rotating crack model. 
However; the fixed cracked model can be invoked by specifying the 
material logical property FIXED. In both cracking models unloading 
and closing of cracks are allowed. 
Two forms of tension stiffening after the formation of crack are 
available, namely tension stiffening either applied to the concrete 
(Bhide, 1986) or lumped to the steel reinforcement (Gilbert and 
Warner, 1978). The default option IS no tension stiffening. However; 
tension stiffening applied to the concrete can be selected by entering 
the logical properties TENSC and the key word TENSC can be used to 
invoke tension stiffening lumped to the reinforcement. Both forms 
may be employed simultaneously without causing any numerical 
conflict. 
After the initiation of crack, the compression strength of 
concrete, f~, in the direction parallel to crack may either maintain the 
same value as before or be gradually reduced (Vecchio and Collins, 
1986). The default algorithm is to include the stress degrading effect. 
Nevertheless; the logical property FULL may be requested if the stress 
degrading effect is not desirable. 
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The shear retention factor J.l for the cracked concrete is given by 
the property MD. Though the value chosen for J.l (between 0 and 1) 
does not appear to be critical but values greater than zero are 
necessary to prevent numerical instabilities (ASCE, 1982). In this 
model the default value for MU is 0.25. 
A.S Integration Rule and Output 
When the numerical solutions are carried out, both full 
integration (3 x 3) and uniform reduced integration (2 x 2) can be 
used for the QLSHELL element and the material model PLASTIC_RC. 
The default option is the uniform reduced integration but the full 
integration may be invoked by specifying the integer property NINT 
equal to 3 (Table A.4). 
In order to check the input data, a complete list of material 
properties can be printed out by entering the logical property 
PRMPPR. Furthermore, an extensive output for the purpose of 
debugging the material model subroutine is available if the key word 
DEBUG is used. 
At the end of each iteration, a brief summary of the state· of 
concrete and steel layers may be obtained if TRACE has been specified 
as an input material property. The form of the output for concrete is 
CONCRElE DATA 
LAYER: 1 
IZONE: J 
STATE : k 
NCRKS: m 
YIELD: yy 
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DIR1 d 1 
DIR2 d2 
where j = 1, 2, 3, 4 means concrete is in biaxial tension regIon, 
combined tension-compression region (low compression high tension), 
combined tension-compression region (high compression low tension) 
and biaxial compression region separately. j = 1, 2, 3, 4, 5 stands for 
elastic concrete, plastic concrete whose equivalent stress-strain curve 
is in ascending portion, cracked concrete, plastic concrete whose 
equi valent stress-strain curve is in descending portion and failed 
concrete which can not take any stress. m = 0, 1, 2, 3 denotes that 
concrete has zero, one, two or three cracks. For elastic concrete yy is 
the value of effective stress that marks the elastic limit. For plastic 
concrete yy is the value of the current effective stress. For cracked 
concrete and failed concrete yy is equal to the value of f~. The last two 
items, d 1 and d2, record the angles of the first and the second cracks 
respectively. If no cracking has taken place, d1 and d2 will be simply 
printed as "0.". These two angles are measured counterclockwise from 
the element local x-axis to the crack directions. 
The form of the output for steel reinforcement IS 
REINFORCEMENT DATA 
lAYER: i 
STATE: ±k 
SIGST: ss 
The reinforcement state IS defined as 1 or -1 if no yielding has 
occurred and 2 or -2 if plastic deformation takes place. The positive 
value of k denotes the reinforcement is subjected to tension while the 
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negative value of k means the reinforcement IS subjected to 
compression. The last item, ss, is the current stress for the steel 
reinf orcemen t. 
In Table A.4, OUPTNO is a integer property that controls the 
printout at the requested integration points. If OUPTNO is equal to 
zero which is the default value, the use of PRMPPR, DEBUG or TRACE is 
effected at all the integration points. On the other hand, If OUPTNO is 
not equal to zero, the use of PRMPPR, DEBUG or TRACE is effected only 
at the integration point which has been specified in the property 
OUP1NO. 
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Table A.l Material Properties for Concrete 
Physical Quantity Keyword Mode Default Value 
Number of Concrete Layers NLYRC Integer 1 
Concrete Initial Tangent Modulus ECDN Real 1. 
Concrete Poisson's Ratio NUCON Real 0.2 
Concrete Cylinder Strength FCP Real O. 
Concrete Tensile Strength FTP Real O. 
Strain at Maximum Concrete EPSO Real O. Stress 
Stress Ratio RSIG Real 4. 
Strain Ratio REPS Real 4. 
Shear Correction Factor FSHEAR Real 1.2 
Elastic Strain Hardening Plastic HARDEN Logical FALSE Model 
Associated Flow Rule ASSOCI Logical FALSE 
Fraction for Subincrement ONIEGA Real 0.05 Calculation 
Maximum Number of MAXINe Integer 30 Subincrements Permitted 
Number of Subincrements DIVERG Integer 500 Indicating Divergence 
Yield Surface Tolerance TOL Real 0.05 
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Table A.2 Material Properties for Reinforcement 
Physical Quantity Keyword Mode Default Value 
Number of Reinforcement NLYRS Integer 0 Layers 
Reinforcement Elastic Modulus EST Real o. 
Reinforcement Plastic Modulus ESTP Real o. 
~ l~lU IJ L1 ~~~ VI. 1'-~11J.l. VI ,",~J.J.J.VU'" FYi Real o. 
Layer 1 
Direction of Reinforcement PHIi Real o. Layer 1 
Depth of Reinforcement Layer 1 Zi or Zij Real o. 
Area Ratio of Reinforcement RHOi or Real o. 
Layer i (0/0) I RHOij I 
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Table A.3 Material Properties for Cracked Reinforced Concrete 
Physical Quantity Keyword Mode Default Value 
Fixed Crack Model F1XED Logical FALSE 
Concrete Tension Stiffening TENSC Logical FALSE 
Reinforcement Tension Stiffening TENSS Logical FALSE 
No Stress Degrading Effect on 
Concrete in the Direction Parallel FULL Logical FALSE 
to Crack 
Shear Retention Factor MU Real 0.25 
Table A.4 Material Properties for Integration Rule and Output 
Physical Quantity Keyword Mode Default Value 
Integration Rule (N x N) NINT Integer 2 
Print Material Properties PRMPPR Logical FALSE 
Debug the Material Model 
DEBUG Logical Subroutine FALSE 
Output Material State '!RACE Logical FALSE 
Integration Point Number in OUPINO Integer 0 Which Output Is Requested 
